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ABSTRACT 

The Fokker-Planck equa t ion  has o f t e n  been used t o  d e s c r i b e  t h e  

d i s t r i b u t i o n  o f  a p a r t i c l e  i n  a random f i e l d .  

a p p l i e d  t o  a plasma i n  o r d e r  t o  o b t a i n  a k i n e t i c  equa t ion ,  c e r t a i n  

d i f f i c u l t i e s  a r i se .  

determined c o n s i s t e n t l y  and t h e  c o e f f i c i e n t s  cannot  be found e x p l i c i t l y  

wi thout  f u r t h e r  assumptions which may n o t  be c o n s i s t e n t .  

v a r i o u s  a t t e m p t s  have been made t o  f i n d  t h e  c o e f f i c i e n t s  i nc lud ing  t h e  

use  o f  t h e  c o l l i s i o n  concept by means o f  t h e  Boltzmann equa t ion  and t h e  

BBGKY t h e o r y .  

k i n e t i c  equa t ion  i n t o  t h e  form of  a Fokker-Planck equa t ion .  

t h e  c o e f f i c i e n t s  are  g iven  as  averages  of  f u n c t i o n a l s  of t h e  random 

f i e l d .  A na ive  i n t e r p r e t a t i o n  of t h e s e  ave rages ,  however, g i v e s  i n -  

c o r r e c t  r e s u l t .  

When such a t echn ique  i s  

I n  t h e  f i r s t  p l a c e ,  t h e  e l ec t r i c  f i e l d  must be 

P rev ious ly  

I n  c e r t a i n  c a s e s ,  t h i s  amounts t o  a manipula t ion  of a 

Moreover, 

I n  view of t h e s e  d i f f i c u l t i e s ,  a new fo rmula t ion  of t h e  Fokker- 

Planck method is  e s t a b l i s h e d .  I t  i s  observed t h a t  t h e  c o e f f i c i e n t s  

a c t u a l l y  invo lve  c o n d i t i o n a l  averages  o f  f u n c t i o n a l s  o f  t h e  random f i e l d .  

Furthermore,  j u s t  as a Fokker-Planck equa t ion  can be used t o  d e s c r i b e  

t h e  lowes t  d i s t r i b u t i o n ,  similar equa t ions  can a l so  be used t o  d e s c r i b e  

h i g h e r  d i s t r i b u t i o n s .  Such a s e t  of e q u a t i o n s  i s  c a l l e d  g e n e r a l i z e d  

s t o c h a s t i c  (or g e n e r a l i z e d  Fokker-Planck) equa t ions  fo l lowing  S t r a tonov ich  

These e q u a t i o n s  are a p p l i c a b l e  t o  sys tems pe r tu rbed  by small random 

f o r c e s  provided s u f f i c i e n t  knowledge r e g a r d i n g  t h e  unper turbed  system i s  

a v a i l a b l e .  When t h e  random f o r c e s  a r e  s p e c i f i e d  s t a t i s t i c a l l y ,  t h e  

g e n e r a l i z e d  s t o c h a s t i c  equa t ions  g ive  immediate r e s u l t s .  I n  t h i s  r e s p e c t ,  

o f  p a r t i c u l a r  i n t e r e s t  i n  plasma a p p l i c a t i o n ,  i s  t h e  h e a t i n g  of  e l e c t r o n s  
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by random e l e c t r i c  f i e l d s .  

t h e  e l e c t r i c  f i e l d  has  t o  be determined c o n s i s t e n t l y ,  it i s  p o s s i b l e  t o  

decouple  t h e  set  o f  g e n e r a l i z e d  equa t ions  by us ing  a c l u s t e r  expansion.  

The c o e f f i c i e n t s  can  then  be found e x p l i c i t l y  r e s u l t i n g  i n  a k i n e t i c  

equa t ion .  Tke r e s u l t s  i n d i c a t e  t h a t  t h e  use  of  a Vlasov equa t ion  i n  

f i n d i n g  t h e  p o l a r i z a t i o n  e f f e c t  i s  e s s e n t i a l l y  j u s t i f i e d .  

z a t i o n  e f f e c t  i s  seen  t o  be t h e  consequence of  t h e  c o n d i t i o n  imposed on 

t h e  average i n  e v a l u a t i n g  t h e  c o e f f i c i e n t .  Unlike t h e  t es t  p a r t i c l e  

t h e o r y ,  however, no t es t  p a r t i c l e  i s  a r t i f i c i a l l y  in t roduced .  

a s i m i l a r i t y  i s  observed between t h e  s e t  of g e n e r a l i z e d  s t o c h a s t i c  

equat ions  and t h e  BBGKY h i e r a r c h y .  C lose r  examinat ion r e v e a l s  t h a t  t h e  

BBGKY h i e ra rchy  may be r ega rded ,  i n  a s e n s e ,  as  a s p e c i a l  mode of  

gene ra l i zed  s t o c h a s t i c  e q u a t i o n s .  

For t h e  Coulomb p o t e n t i a l  problem i n  which 

The p o l a r i -  

F i n a l l y ,  
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I .  I N T R O D U C T I O N  

The Fokker-Planck equa t ion  has  o f t e n  been used t o  d e s c r i b e  t h e  

d i s t r i b u t i o n  o f  a p a r t i c l e  i n  a random f i e l d .  

s p a t i a l l y  homogeneous, t h e  Fokker-Planck equa t ion  has  t h e  fo l lowing  

form 

If t h e  d i s t r i b u t i o n  i s  

1 

2 
a f ( v , t >  - - - - < - > f + - - < -  a A V  1 a *  ( A V >  , 

a t  av a t  2 a v 2  A t  

where v i s  t h e  v e l o c i t y  of  t h e  p a r t i c l e ,  

i n  an increment of t i m e  A t ,  and f i s  t h e  v e l o c i t y  d i s t r i b u t i o n .  

Av i s  t h e  increment o f  v e l o c i t y  

The 

> may be found i n  terms o f  t h e  random Av (AvlL c o e f f i c i e n t s  < - >, < - 

f i e l d . ’  When a p p l i e d  t o  t h e  case of a s p a t i a l l y  homogeneous plasma, 

A t  A t  

c e r t a i n  d i f f i c u l t i e s  a r i s e .  

must be determined c o n s i s t e n t l y  and t h e  c o e f f i c i e n t s  cannot  be found 

e x p l i c i t l y  wi thout  f u r t h e r  assumptions.  

e f f e c t  

i n  a na ive  manner. 

t h e  Vlasov equa t ion  for t h e  p o l a r i z a t i o n  e f f e c t  and a Holtsmark 

d i s t r i b u t i o n  f o r  t h e  f l u c t u a t i o n  o f  t h e  e l e c t r i c  f i e l d .  I t  is  not  

c lear  how t h i s  can be done s i n c e  t h i s  may l e a d  t o  incons i s t ency .  

I n  t h e  f i r s t  p l a c e ,  t h e  e l ec t r i c  f i e l d  

Moreover, t h e  p o l a r i z a t i o n  

2 
cannot be ob ta ined  i f  t h e  average o p e r a t o r  < > is  i n t e r p r e t e d  

2 
To f i n d  t h e  c o e f f i c i e n t s  Gasiorowicz,  e t  a l . ,  u se  

We observe  t h a t  t h e  c o e f f i c i e n t s  are a c t u a l l y  average va lues  o f  

f u n c t i o n a l s  of t h e  random f i e l d  under c e r t a i n  cond i t ions .  Furthermore 

j u s t  a s  a Fokker-Planck equa t ion  can be used t o  d e s c r i b e  t h e  d i s t r i b u t i o n  

of t h e  p a r t i c l e ,  s imilar equa t ions  can a l s o  be used t o  d e s c r i b e  h ighe r  

d i s t r i b u t i o n s .  Such a set  of  equat ions  i s  c a l l e d  g e n e r a l i z e d  s t o c h a s t i c  

(or g e n e r a l i z e d  Fokker-Planck) equat ions .  When a p p l i e d  t o  a plasma, 
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t h e s e  equa t ions  r e p l a c i n g  t h e  BBGKY h i e r a r c h y  can be decoupled by u s i n g  

a c l u s t e r  expansion t o  de te rmine  t h e  c o e f f i c i e n t s .  

I n  Chapter 11, t h e  g e n e r a l i z e d  s t o c h a s t i c  equa t ions  f o r  a system 

wi th  only small random f o r c e s  a r e  de r ived  by modifying S t r a t o n o v i c h ' s  

r e s u l t s .  For systems having a d d i t i o n a l  f o r c e s  which are no t  small ,  

r e d u c t i o n  i s  p o s s i b l e  through a s u i t a b l e  t r a n s f o r m a t i o n  provided  s u f f i c i e n t  

knowledge r ega rd ing  t h e  unper turbed  systems is  a v a i l a b l e .  

s i d e r e d  i n  Chapter 111. 

assumed t o  be s p e c i f i e d  a r e  g iven  i n  Chapter I V .  

Coulomb p o t e n t i a l  problem is  cons ide red  wi th  g e n e r a l i z e d  s t o c h a s t i c  

equa t ions  r e p l a c i n g  t h e  BBGKY h i e r a r c h y .  

decouple t h e  e q u a t i o n s  and f r e e z i n g  t h e  lowes t  d i s t r i b u t i o n  i n  t h e  

e v a l u a t i o n  o f  h i g h e r  d i s t r i b u t i o n s ,  t h e  Fokker-Planck or k i n e t i c  e q u a t i o n s  

f o r  a plasma a r e  ob ta ined .  

case i s  c lose  t o  t h a t  i n  t h e  BBGKY t h e o r y ,  t h e  s t a r t i n g  p o i n t  is 

d i f f e r e n t .  

regarded  as a s p e c i a l  form of g e n e r a l i z e d  s t o c h a s t i c  e q u a t i o n s .  

3 

This  i s  con- 

Some examples i n  which t h e  random f o r c e s  are 

I n  Chapter V t h e  

Using a c l u s t e r  expansion t o  

Although t h e  mathematics involved  i n  t h i s  

I t  can be s e e n ,  however, t h a t  t h e  BBGKY h i e r a r c h y  may be 



3 

11. D E R I V A T I O N  OF GENERALIZED STOCHASTIC EQUATIONS 

I t  i s  known t h a t  t h e  f l u c t u a t i o n  equa t ion  

l e a d s  t o  a Fokker-Planck type  equat ion  

where F = F ( x , t ) ,  F = F ( x , t + T ) ,  and K s t a n d s  f o r  t h e  c o r r e l a t i o n  

f u n c t i o n .  The f o r c e  F as w e l l  a s  t h e  i n i t i a l  va lue  o f  x are random, and 

w r e p r e s e n t s  t h e  p r o b a b i l i t y  d e n s i t y  o f  x a t  t .  S t r a t o n o v i c h  g i v e s  a 

d e t a i l e d  d e r i v a t i o n  f o r  a system o f  equa t ions  i n  t h e  form o f  ( 2 . 1 ) .  I t  

seems t h a t ,  however, he has  n o t  taken  i n t o  account  of  t h e  c o r r e l a t i o n  

between t h e  f o r c e  and t h e  i n i t i a l  d i s t r i b u t i o n  of  x. To account f o r  

t h i s ,  we g e n e r a l i z e  h i s  r e s u l t s  and o b t a i n  e q u a t i o n s  s imilar  t o  ( 2 . 2 )  

which w e  s h a l l  r e fe r  t o  as t h e  gene ra l i zed  s t o c h a s t i c  e q u a t i o n s  fo l lowing  

S t r a t o n o v i c h .  

T 

3 

Before w e  i n d i c a t e  how S t r a t o n o v i c h ' s  r e s u l t s  can be modified and 

g e n e r a l i z e d ,  a f e w  remarks concerning n o t a t i o n s  a r e  i n  o r d e r .  I n  t h e  

mathemat ica l  l i t e r a t u r e ,  a random v a r i a b l e  is  o f t e n  denoted by a c a p i t a l  

l e t t e r .  Thus, X ( t )  or X r e p r e s e n t s  a fami ly  of random v a r i a b l e s  

indexed  by t ,  a parameter ,  whereas lower cases a r e  used t o  denote  rea l  

numbers. 

d i s t i n c t i o n s  are made. 

X(0) = x ,  where F( , t )  i s  a random f u n c t i o n ,  can be unambiguously 

t 

Unfo r tuna te ly ,  i n  t h e  eng inee r ing  l i t e r a t u r e ,  u s u a l l y  no such 

Thus, t h e  expected va lue  of  F(X(O) , t )  given 
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expressed  as < F(X(O) , t )  / X ( 0 )  = x> < F ( x , t )  / X ( 0 )  = x > .  I t  would be 

extremely confusing if no t  imposs ib le  t o  expres s  such  a f u n c t i o n a l  wi thout  

us ing  t h e  c a p i t a l  l e t t e r s  for random v a r i a b l e  convent ion .  

w e  s h a l l  fo l low t h e  eng inee r ing  l i t e r a t u r e  except  i n  s i t u a t i o n s  where 

it i s  e s s e n t i a l  t o  d i s t i n g u i s h  a random v a r i a b l e  from a r ea l  number. 

Thus, t o  emphasize t h a t  x ( t )  i s  a random f u n c t i o n ,  w e  may write X ( t )  

i n s t e a d ,  and X ( t )  = x means t h a t  t h e  random v a r i a b l e  X ( t )  assumes t h e  

To compromise, 

va lue  of x.  

2 . 1  S t r a t o n o v i c h ' s  Der iva t ion  

We now review S t r a t o n o v i c h ' s  d e r i v a t i o n  b r i e f l y .  Consult  

3 
S t r a t o n i v c h  f o r  d e t a i l s .  The equa t ion  o f  i n t e r e s t  i s  

A = & F ( x , t )  

wi th  t h e  i n i t i a l  c o n d i t i o n  

x ( 0 )  = xo 

Write t he  increment by 

2 x ( t )  - xo = & Z  + E z 1 2 
+ ... = z 

and expand F ( x , t )  as fo l lows  

One then  f i n d s  
t 

i, = F ( x o , t ) ,  or Z ( x  , t>  = [ F(xoy t l )d t l  1 0  0 
t 

a F  1 i2 = XZ , or Z 2 ( x 0 , t )  = d t  %x ,t ) F ( x o , t l ) d t l  e t c .  2ax o 2 

(2 .3 )  

( 2 . 4 )  
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The c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  random increment 

0 
z ( t )  = x ( t )  - x 

is 
m 

( i u ) ”  <Zn, ( u ) = l t C  - 
n! n = l  @ Z ( t )  

I n v e r t i n g  

00 

<Zn>]du 
w z ( t ) ( z / x ( o ) = x o )  = - - i u z  ( i u ) ”  

2Tr c 1 + c -  n! 
n = l  

n 00 

1 a 
= c 1  + - n!  ( -  -) az <Zn>]6(z) 

n = l  

( 2 . 8 )  

( 2 . 9 )  

(2.10) 

where w 

= x o y  and w e  sl:?ll w r i t e  as w 

ar i se .  Now 

( z / X ( 0 ) = x o )  i s  t h e  p r o b a b i l i t y  d e n s i t y  o f  Z ( t ) ,  g i v e n  X ( 0 )  Z ( t >  

( z / x o )  when confusion is n o t  l i k e l y  t o  Z ( t >  

n m 
1 a n 

= c 1  t c 7 n. ( -  -1 ax <z ( x o , t ) > l S ( x - x o )  ( 2 . 1 1 )  
n = l  

0 
Averaging over  x 

where L i s  d e f i n e d  by (2.12). Using t h e  more familiar n o t a t i o n s  

X( t w ( x , t )  = w 

X( w(x,O) w 



6 

(2 .13 )  

Taking p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  t o  t i m e  i n  (2 .13)  and s u b s t i t u t i n g  

w( x,O) by t a k i n g  i n v e r s e  of  (2 .13 )  , w e  o b t a i n  

(2 .14 )  

-1 Expanding L ( l + L )  , Equa t ion (2 .2  is ob ta ined .  D e t a i l s  are g iven  by 

S t r a tonov ich .  3 

2 . 2  Need for Cond i t iona l  Averages 

I t  appea r s  t h a t  S t r a t o n o v i c h  has  assumed t h a t  F i s  n o t  a f f e c t e d  by 

Otherwise t h e  ave rages  i n  t h e  charac-  

-1 

-1. 

t h e  i n i t i a l  s p e c i f i c a t i o n  of  X". 

t e r i s t i c  f u n c t i o n  and hence L ( l + L )  should  be c o n d i t i o n a l  ave rages .  

This  mod i f i ca t ion  i s  ex t remely  impor tan t  i n  t h e  Coulomb p o t e n t i a l  

problem a s  we s h a l l  s e e  i n  Chapter V .  

c a t i o n  comes about  we first i n t r o d u c e  t h e  c o n d i t i o n a l  c h a r a c t e r i s t i c  

f u n c t i o n s .  

I n  o r d e r  t o  show how t h e  modi f i -  

L e t  Y , Z  be  random v a r i a b l e s .  Define t h e  c o n d i t i o n a l  c h a r a c t e r i s t i c  

iuZ f u n c t i o n  I$ (u/Y=y) as t h e  c o n d i t i o n a l  ave rage  of e g iven  Y = y.  

That i s  

Z 

iuZ ~ $ ~ ( u / Y = y )  = <e  /Y=y> 

(2.15) 

(2.16) 
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where < /Y=y> denotes  t h e  expec ted  va lue  g iven  Y = y.  Obviously,  y 

e n t e r s  only as a parameter s o  t h a t  t he  i n v e r s i o n  is  

m 

- ( i')n <Zn/Y=y>]du c 1 + c  - n! n = l  - 271. le-iuz 
OD n 1 a = [1 + c - ( -  j y )  <zn/Y=y>lG(z) n! n= 1 

S i m i l a r l y ,  i f  Y '  is ano the r  random v a r i a b l e ,  t hen  

n m 
1 a Llp /Y=y ,  Y ' = y ' )  = [l t c d- j y )  <Z"/Y=y, Y '=y '> lG(z )  

n = l  

(2 .17)  

( 2 . 1 8 )  

This  shows t h a t  i t  i s  s u f f i c i e n t  t o  r e p l a c e  t h e  averages  i n  t h e  L 

o p e r a t o r  i n  ( 2 . 1 4 )  w i th  t h e  proper  c o n d i t i o n a l  averages .  I n  d e t a i l s ,  

suppose w e  have random v a r i a b l e s  X ,  Y ,  Z such t h a t  

x - Y = Z  ( 2 . 1 9 )  

00 n [1 + - 1 ( -  -) a <Zn/Y=y>lG(x-y) 
n = l  n! ax 

Averaging over  Y ,  

(2 .20)  

( 2 . 2 1 )  
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If we put X X ( t > ,  Y = X(O), w i th  wx(x) = o(x,tLw ( y )  = w(y ,O) ,  w e  have Y 

n m 

( 2 . 2 2 )  
1 a n w(x , t )  = c 1  t c -i- ( -  -) <z /X(O)=x>l W(X,O) n .  ax n = l  

n which i s  S t r a t o n o v i c h ' s  r e s u l t  wi th  t h e  c o n d i t i o n a l  average  <Z /X(O)=X> 

i n s t e a d  of j u s t  <Z">. 

Comparing ( 2 . 2 2 )  wi th  (2 .131,  we s e e  t h a t  t h e  o p e r a t o r  L i n  (2 .13)  

should  be modified t o  

b r i n g  out t h e  formal d i f f e r e n c e s  due t o  t h i s  m o d i f i c a t i o n ,  l e t  u s  w r i t e  

o u t  t h e  equa t ion  cor responding  t o  ( 2 . 1 4 )  by us ing  t h e  modified o p e r a t o r  

L. We have 

wi th  <Zn/X(0)=x> r e p l a c i n g  < Z n > .  I n  o r d e r  t o  

- 

( 2 . 2 3 )  - -1 a w ( x y t )  a t  = 2 1  t L) w ( x , t >  

Here 

where 

m n 
c 

n = l  

1 a (1 t L) = 1 t - n! ( -  -1 ax <Zn/X(0)=x> 

2 
Z = E Z  t E z2 t ... 1 

Hence , 

L a .  L = - E- <z /X(O)=x> - E 2  2 <i /X(O)=x> 
ax 1 ax 2 

3 
2 

t E 2 a  ( -  --) <i z /X(O)=x> t O ( E  1 1 1  

( 2 . 2 4 )  

( 2 . 2 5 )  

( 2 . 2 6 )  
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and 
2 - 

(1 t 1 - L t O ( E  ) 

= 1 - E ( -  -1 a <z /X(O)=x> ax 1 

Combining (2.26) and (2.27) 

L a .  L(l t L ) - l  = - E - <z /X(O)=x> - E2 -2- <i2/X(O)=x> ax 1 ax 

2 .  
t E ( -  <z z /X(O)=x> 2 a  

1 1  

- E 2 a -  ( -  x) <z /X(O)=x> ( -  -) a <z /X(O)=x> ax 1 1 

= ( -  =)CEZ a .  t E%,/x(O)=x> 1 

a * 2 '  

a a 

t ( -  %) <E z z /X(O)=x> 1 1  

- ( -  -)(- -) < E Z  /X(O)=x> <EZ /X(O)=x> ax ax 1 1 

a a 
ax ax t ( -  -1 C ( -  -1 <€Z1/X(0)=x>l <EZ 1 /X(O)=x> 

3 
t O ( E  1 

(2.27) 

(2.28) 



1 0  

+ O ( E  3 1 (2 .29 )  

where K[A,B/X(O)=x] = <AB/X(O);x> - <A/X(O)=x> <B/X(O)=x>. From (2 .7 )  

we s u b s t i t u t e  t h e  f u n c t i o n s  Z1, Z2,  and f i n d  t h a t  

+ 

0 

0 

(2 .30 )  

I f  F i s  not  a f f e c t e d  by t h e  s p e c i f i c a t i o n  of X ( O ) ,  t h e  t h i r d  and f o u r t h  

terms on t h e  r i g h t  hand s i d e  o f  (2 .30 )  combine t o  g i v e  

t 
2 a 

E ( -  -1 ax J F ( x , t l ) ]  d t l  

0 

as given by S t r a tonov ich .  

t o  second o r d e r ,  (2 .23)  g i v e s  t h e  d e s i r e d  e q u a t i o n  

However, w e  cannot  do so i n  g e n e r a l .  Thus,  



I .  .. I1 

2 t  

t c2 2 1 K[F(x , t ) ,  F (x , t l ) /X(0 )=x ld t l  

ax 0 

0 J 
(2.31) 

We remark he re  t h a t  i n  t h e  cases  w e  cons ide r  l a t e r ,  t h e  l a s t  term 

c o n t r i b u t e s  t o  terms o f  o r d e r  h ighe r  t h a n  second and hence can be 

ignored.  

2 .3  Genera l i za t ion  t o  Higher Density Functions and t o  Higher Dimensions 

Above r e s u l t s  can be e a s i l y  gene ra l i zed  t o  h i g h e r  d e n s i t y  f u n c t i o n s  

and t o  h i g h e r  dimensions. 

L e t  w ( x / X ' ( t ' >  = x') = a ( x , t / x ' , t ' )  be t h e  p r o b a b i l i t y  d e n s i t y  

of X ( t )  = x given X ' ( t ' )  = x ' .  Here X ' ( t ' )  i s  ano the r  random func t ion .  

Equat ion (2 .31 )  can be a p p l i e d  t o  t h e  p re sen t  c a s e ,  provided w e  impose 

t h e  c o n d i t i o n  X ' ( t ' )  = x '  on a l l  averages.  T h i s  can be seen from 

Equation(2.18), w i th  Y = X(O), Y' = X ' ( t ' )  where Z is aga in  de f ined  by 

t h e  system (2 .3 )  and 

X( t )  

X ( t )  - x ( 0 )  = z 



1 2  

= wz(x-xo/x(o) x X ' ( t ' )  = x ' )  
0'  

m n a = [l t c ( -  K) <zn /x (o )  = X 0 )  X ' ( t ' ) = x . I  6 (x -xo)  
n= 1 

(2 .32)  

Mul t ip ly ing  by w ( x  / X ' ( t ' )  = x') and i n t e g r a t i n g  ove r  xo ,  
X ( 0 )  0 

m n a = [l + c ( -  -1 < z n / x ( o ) = x ,  X ' ( t ' )  = x'.] w (X/X'(t ') = x ' )  ax X(0) n = l  

m n a 
ax = c 1  + c ( -  -1 <Z"/X(O)=x, X ' ( t ' )  = x ' > l  W(X,O/X',t ') 

n = l  
(2 .33)  

Comparing (2 .33 )  wi th  (2.221, w e  see t h a t  t h e  r e s u l t s  are fo rma l ly  t h e  

same provided we impose t h e  c o n d i t i o n  X ' ( t ' )  = x ' .  

r e w r i t t e n  as 

Thus, (2 .33 )  can be  

w(X,t/x' , t ' )  = (1 t Lx,  w(X,O/x' , t ' )  ( 2 .34 )  

S ince  t h e  c o n d i t i o n  X ' ( t ' )  = x '  enters  as o n l y  a pa rame te r ,  it does n o t  

have any e f f e c t  on t h e  manipula t ion  of 

w i th  t h e  ex t ra  c o n d i t i o n  X l ( t ' )  = x '  is  t h e  e q u a t i o n  f o r  w(x , t / x '  , t '  1. 

(1 t Lx) )-I. Hence, (2 .31 )  
X '  

The resu l t s  can a l s o  be g e n e r a l i z e d  i n  a s t r a i g h t  forward manner 

3 
t o  mul t i -d imens iona l  cases. Thus, if i n s t e a d  of  (2 .31 ,  w e  have 



x = F . ( x , t )  j 1, 2 ,  ..., N 
j 1 

where 

XN ) x = (x1,x2, ...) 

The g e n e r a l i z a t i o n  of (2 .31 )  i s  

( 2 . 3 a )  

K[F. ,FkT/X(O)=x]d~ 
2 a’ 

+ E  
a X . 8 ~ ~  3 

-t I 

( 2.31a ) 2 a  a 
j 

t E - [- < F . / X ( O ) = x > ]  1 <Fk, /X(0)=x> d-r ax axk 1 
-t 

Here F 

convent icn  of summation index h a s  been used. 

= F . ( x , t ) ,  FkT = F j 1  k.r ( x , t  t T ) ,  j , k  = 1 , 2 ,  ..., N ,  and t h e  

To summarize, w e  have shown i n  t h i s  chap te r  how S t r a t o n o v i c h ’ s  

r e s u l t s  can be g e n e r a l i z e d  so t h a t  t h e  small random f o r c e s  may no t  be 

independent o f  t h e  i n i t i a l  d i s t r i b u t i o n .  This  a l lows  u s  t o  c o n s i d e r  

s e l f - c o n s i s t e n t  f o r c e s  o t h e r  t h a n  app l i ed  e x t e r n a l  f o r c e s .  Furthermore,  

h i g h e r  d e n s i t y  f u n c t i o n s  a l s o  s a t i s f y  similar equa t ions .  Thus, t h e  

p r o c e s s  can be  s t u d i e d  by us ing  such a ser ies  of  e q u a t i o n s  which w e  may 

ca l l  g e n e r a l i z e d  s t o c h a s t i c  ( or Fokker-Planck) equa t ions .  

g iven  by (2 .31 )  and t h e  a p p r o p r i a t e  g e n e r a l i z a t i o n s .  

They are 
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111. GENERALIZED STOCHASTIC EQUATIONS FOR SYSTEMS PERTURBED 

BY RANDOM FORCES 

I n  t h e  p rev ious  c h a p t e r ,  w e  d e a l  w i th  a system o f  d i f f e r e n t i a l  

equat ions  o f  t h e  form: 

x = EF 

I n  o t h e r  words, t h e  "random fo rce"  i s  small f o r  such systems. I n  t h i s  

c h a p t e r ,  w e  wish t o  s tudy  t h e  e f f e c t  o f  a d d i t i o n a l  d e t e r m i n i s t i c  f o r c e s  

which a r e  not  small, wh i l e  assuming w e  have s u f f i c i e n t  knowledge r e g a r d i n g  

t h e  system wi thout  t h e  small random f o r c e s .  

3 .1  General Theorems i n  D i f f e r e n t i a l  Equat ions  

We begin by c o l l e c t i n g  some r e l e v a n t  r e s u l t s  i n  d i f f e r e n t i a l  

I n  t h i s  s e c t i o n  we w i l l  use t h e  E i n s t e i n  summation equat ions .  4 ' 5  

convention. Furthermore,  an e x p l i c i t  n o t a t i o n  f o r  v e c t o r s  w i l l  no t  be 

used s i n c e  t h e  v e c t o r  p r o p e r t y  does no t  p l a y  a s i g n i f i c a n t  roll excep t  

i n  do t  products  where we use  t h e  summation convent ion .  Thus, i f  we are 

d e a l i n g  wi th  a n  N-dimensional s p a c e ,  by x we s h a l l  mean t h e  N-tuple 

( x l ,  ..., x N ) ,  and by $ ( t , t O , x O ) ,  w e  s h a l l  mean t h e  N-tuple 

( $ l ( t , t o , x O ) ,  ..., $ N ( t , t O , x ) ) .  Here t i s  t h e  scaler  t i m e .  Thus, 

Equat ion(2 .3a)under  t h i s  convention becomes 

= EF(x , t )  

which has t h e  same appearance as ( 2 . 3 ) .  

Consider t h e  system 

& F ( x , t )  (3 .1)  

Under a p p r o p r i a t e  c o n d i t i o n s  ( such  as t h e  L i p s c h i t z  c o n d i t i o n )  on F ,  

t h e r e  i s  a unique s o l u t i o n  x = $ ( t )  f o r  each  p a i r  ( t o , x , )  as i n i t i a l  

cond i t ions .  Thus, t h e r e  i s  a f u n c t i o n  $ ( t , t O , x O )  such  t h a t  it sa t i s f ies  
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(3.1) and $ ( t  , t O , x  = xo. Under a p p r o p r i a t e  c o n d i t i o n s  ( such  as 
9p2 a P 2  

e x i s t e n c e  o f  2 7) t h e  first p a r t i a l  d e r i v a t i v e s  of  $ ( t , t  ,x ) e x i s t .  axk’ a t  0 0  

Theorem 1 

(3 .2 )  

a F  dJ  Then - = J 3 a long  each s o l u t i o n  and, hence , J E 1 i f  and o n l y  i f  d t  ax a F, j 

The proof is a v a i l a b l e  i n  s t anda rd  l i t e r a t u r e 4  and w i l l  be omi t t ed .  

I n  t h e  cases w e  w i l l  be i n t e r e s t e d  i n ,  t h i s  can also be  d i r e c t l y  v e r i f i e d .  

Theorem 2 

a F  I n  case  o f  a n  autonomous sys t em ( i . e . ,  - = 0)  3 a t  

$ ( t  t z ,  to  t t ,  x,) = $ ( t ,  to,  xo)  

= $ ( t  - to ,  0 ,  x,) 
(3 .3 )  

P roof :  

Then U ( t )  i s  a s o l u t i o n  through ( t O , x O ) .  

$ ( t , t O , x O ) ,  w e  have V ( t >  = $( t ,O,x , ) ,  and U ( t >  = $ ( t , t O , x o ) .  

Let V ( t >  be a s o l u t i o n  through ( 0 , ~ ~ ) .  Define U( t )  = V ( t - t o ) .  

But by t h e  d e f i n i t i o n  of 

Hence, 

$ ( t , t  0’ 0 x > = U t )  = V ( t - t  0 ) $( t - tO ,O,xO)  ( 3 . 4 )  

Replacing t by t t t ,  to by to  t t i n  ( 3 . 4 1 ,  w e  have 

( 3 . 5 )  
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Hence 
- 

$(t t t ,  to t t ,  x,) = $ ( t  - to ,  0,  x,) 

= $ ( t , t 0 , X O )  

Theorem 3 

Proof :  

$ ( t  , t l y $ ( t l , t 0 , x O ) )  i s  a s o l u t i o n  through t h e  same p o i n t ,  s i n c e  

$ ( t l , t l , ~ ( t l , t O , x O ) )  = $ ( t l , t 0 , x O )  by t h e  d e f i n i t i o n  of  $. 

t h e s e  two s o l u t i o n s  a r e  i d e n t i c a l .  

Jl(t,t ,x ) is  a s o l u t i o n  through ( t l ~ $ ( t l y t 0 , x 0 ) ) .  0 0  

By uniqueness ,  

Theorem 4 

The fo l lowing  is  a t r ans fo rm p a i r  f o r  each t ,  . 

( 3 . 7 )  

Proof:  

t h e r e  a r e  y 

Given y ,  x is uniquely  determined by x = $ ( t y t o y y ) .  Suppose 

such t h a t  f o r  g iven  x 1’ y2 

Then $( t , to ,y l )  $ ( t , t o , y 2 )  s i n c e  bo th  are s o l u t i o n  through ( t , x > .  I n  

Par t icu lar  $ ( t o , t o y y l )  = yl = $ ( t o y t o y y 2 )  = y2.  By Theorem 3 ,  

x = $ ( t y t o y y )  = $ ( t  t O , $ ( t O J , x ) )  
9 

and t h e  proof is t h e r e f o r e  complete.  
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* -  
a$ = A  wj - 

Note t h a t  i n  autonomous c a s e ,  we may as w e l l  choose to = 0 ,  i n  

Theorem 4 and wri te  

Corol la rv  

I n  case  of  an autonomous system, then  

-1 A ( t , x >  = x ( - t , x >  (3.9) 

(3 .10)  

Proof :  ( 3 . 9 )  can be  r e a d i l y  shown t o  be t r u e  by applying Theorem 2.  To 

prove ( 3 . 1 0 )  w e  apply Theorem 3. By Theorem 3 ,  

which g ives  ( 3 . 1 0 ) .  

Theorem 3 h a s  t h e  fo l lowing  consequence i n  p a r t i a l  d i f f e r e n t i a t i o n s .  

S ince  $ . ( t o Y t t u , x )  = $ . ( t o y t , $ ( t , t + ~ y X ) )  we have 
3 3 

(3.11) 

I n  t h e  autonomous case, if A- l ( t , x )  is a l i n e a r  func t ion  o f  x f o r  each 

(3.12) 
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-1 -1 
where X i s  de f ined  as i n  ( 3 . 8 ) .  S ince  X is assumed t o  be l i n e a r  i n  

x, 

omit t e d . 

-1 a X  /ax is independent of  x and hence t h e  s u b s c r i p t  x i n  ( 3 . 1 2 )  i s  

Theorem 5 

a$ .  ( to  ,t ,d - t Fk(x ,t 1- 3 = o  
a $ j (  to  ,t ,x )  

a t  axk  
(3 .13 )  

Proof :  $ . ( t o , t , $ ( t , t O , x O ) )  x by Theorem 3. Hence, 
3 j 0  

S ince  the  l e f t  hand s i d e  i s  independent o f  x o ,  we may r e p l a c e  $ ( t , t o Y x O )  

by x ( e . g . ,  by choosing xo = $ ( t O , t , x ) ) .  (3 .13 )  t h e n  fo l lows .  More 

g e n e r a l l y  f ( $ ( t O , t , x ) )  s a t i s f i e s  ( 3 . 1 3 )  where f is  a r b i t r a r y .  Thus 

t h e  p a r t i a l  d i f f e r e n t i a l  Equation(3.13)with i n i t i a l  c o n d i t i o n  f ( x )  has  

f ( $ ( t O , t , x ) )  as i t s  s o l u t i o n .  

F i n a l l y  we e v a l u a t e  an expres s ion  needed l a t e r .  Now 

s o  t h a t  



19 

(3 .14)  

3.2 Systems Pe r tu rbed  by Random Forces 

We now c o n s i d e r  t h e  system (3.1) under t h e  i n f l u e n c e  of small 

random f o r c e s .  L e t  t h e  p e r t u r b e d  sys tem be desc r ibed  by 

(3.15) 

0 
We s h a l l  for s i m p l i c i t y ,  assume F. does no t  depend on t e x p l i c i t l y ,  

3 
so t h a t  t h e  a s s o c i a t e d  system i n  t h e  unperturbed s t a t e  

(3 .16)  

i s  autonomous. 

Oj' L e t  X . ( t , t  ,x ) be  t h e  s o l u t i o n  of (3 .16)  wi th  A. ( t  t x ) = x 

S ince  X . ( t , t  ,x ) = A.( t - t  ,O,x ), we s h a l l  choose to = 0 and j u s t  wri te  

X . ( t , x o ) .  

3 0 0  3 0 '  0 '  0 

3 0 0  7 0  0 

Because o f  Theorem 4 ,  we can d e f i n e  t h e  t r a n s f o r m a t i o n  p a i r  
1 

(3 .17)  

where A - ' ( t ,x )  = A . ( - t , x )  according t o  ( 3 . 1 9 ) .  

formed t o  

Equation(3.14) i s  t r a n s -  
j 1 
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By Theorem 5 ,  

so  t h a t  

-1 -1 a x .  dxk dt 
d-r ax d t  d-r 

j d t  dy .  a x  
3 =  -. --+3-- 
d.r a t  k 

-1 -1 a x  . a x .  dxk =L+L- 
d t  a t  axk 

-1 a x .  
' Fk ax 

-1 a x  
- j  0 j 

-1 a x  
Fk k 

- -  
a t  

( 3 . 1 9 )  

-1 a x  -1 a x  L t F o i = o  
d t  k axk 

-1 a x  
Fk 

j dY - 
3 =  E- 

axk dT 
( 3 . 2 0 )  

Thus system (3 .15)  goes t o  t h e  system (3 .20)  i n  which t h e  f o r c e s  are 

small. 

We s h a l l  do t h i s  e x p l i c i t l y  o n l y  fo r  F. 

I n  (3 .20 )  w e  should  have x and t i n  terms of y ,  T us ing  ( 3 . 1 7 ) .  

Defining 

(3 .21)  

Equation (3.20) becomes 

(3 .22)  

Therefore  t h e  z e r o t h  o r d e r  non-random f o r c e  i n  (3 .15)  can be  t ransformed 

away through (3 .17 ) .  The r e s u l t i n g  e q u a t i o n  ( 3 . 2 2 )  h a s  t h e  i d e n t i c a l  form 
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as t h e  one s t u d i e d  i n  t h e  l a s t  chap te r .  

r e su l t s  t o  our  p r e s e n t  system. 

We s h a l l  now apply  t h e s e  

Let w ( y , ~ )  be t h e  d e n s i t y  o f  y a t  T. From Equa t ion (2 .3 l a ) :  Y 

0 -1 -1 

+ E  2 a 2  do K [ &S k ’  ( -aR) o/Y(0) = y ] wy 
aYiaYj -T k 

(3 .23 )  

where by ( 

e v a l u a t e d  a t  a time i n t e r v a l  CT l a te r .  I n  o r d e r  t o  t ransform (3 .23 )  back 

t o  v a r i a b l e s  x and t ,  we need s e v e r a l  r e l a t i o n s  which we first d e r i v e  

i n  t h e  fo l lowing .  

lUy w e  mean t h e  func t ion  i n  t h e  p a r e n t h e s i s  i s  t o  be 

Equa t ion (3 .23 ) i s  g e n e r a l  and v a l i d  even i f  system (3 .16 )  i s  non- 

autonomous, provided we t a k e  t h e  gene ra l  t r ans fo rma t ion  (3 .7 ) .  

case, however, t h e  equa t ion  w i l l  depend s t r o n g l y  on t h e  i n i t i a l  t i m e .  

Cons iderable  s i m p l i f i c a t i o n  r e s u l t s  i n  a s p e c i a l  bu t  important  case, 

when (3 .16)  is l i n e a r  wi th  cons t an t  c o e f f i c i e n t  so  t h a t  

I n  such 

- 
l ( t , x )  = ATl( t )x  i = 1, ..., N 

Ai 1 3  j 
( 3 . 2 4 )  



22 

-1 
where t h e  A i j  are scalar  f u n c t i o n s  of t ,  forming a m a t r i x  which w e  s h a l l  

d e s i g n a t e  by C2 ( t ) .  Thus i n  m a t r i x  n o t a t i o n  
-1 

(3 .25)  

and ( 3.17 ) becomes 

y = n - h x  ( 3 . 2 6 )  

- 
Since  A ' ( t , x )  = A . ( - t , x ) ,  w e  can d e f i n e  A i j  and n ( ~ )  s i m i l a r l y  by 

r e l a t i o n s  

j 1 

and 

x = n (T>y  

where 

Now w e  p r e s e n t  some i n t e r e s t i n g  p r o p e r t i e s .  They are 

-1 a x  a x .  

( 3 . 2 7 )  

( 3 . 2 8 )  

(3 .29)  

( 3 . 3 0 )  

( 3 . 3 1 )  
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and 

s i n c e  x . (O,xo)  = xoj .  Here IN is  the  i d e n t i t y  matrix. Theorem 1 t h e n  
3 

asserts 

-1 d e t .  = 1 = de t .  52 ( 3 .33 )  

0 
aF. 

i f  t h e  hypo thes i s  2 = 0 i s  s a t i s f i e d .  

unper turbed  system (3 .15)  is a conse rva t ive  Hamiltonian system i n  t h e  

c a s e s  w e  are i n t e r e s t e d  in . '  

This  i s  always t r u e  s i n c e  t h e  
j 

Equation (3.12) imp l i e s  t h a t  

( 3 . 3 4 )  

For an a r b i t r a r y  f u n c t i o n  H(y,-c), we have t h e  fo l lowing  cha in  r u l e s :  

where h ( x , t )  H(A-'(t ,x), t) .  

Using (3 .13)  and ( 3 . 3 1 ) ,  (3 .35)  and ( 3 . 3 6 )  g i v e  

a H  - ah 0 ah 

j 
ar a t  3 
- - - t F.(x),x 

(3 .35 )  

(3 .36)  

( 3 . 3 7 )  
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ah - -  a H  - X . . ( t >  - 
a Y  j 13 axi 

Also, we have 

(3.38) 

where w ( x , t )  is t h e  d e n s i t y  of X( t )  = x ,  because o f  (3.33). Using 

( 3.37) through ( 3.39 ) , equa t ion  (3.23) can be t ransformed back t o  t h e  

v a r i a b l e s  x , t .  

X 

Thus, t h e  l e f t -hand  s i d e  of (3.23) becomes: 

(3.40) 

The f i r s t  term on t h e  r i g h t  s i d e  of (3.23): 

-1 

(3.41) 

where we have made use  of t h e  fact  t h a t  A i s  a f u n c t i o n  o f  t a l o n e ,  

and t h a t  Equation (3.32)implies X X = 6 , X ( O )  = Y ( 0 ) .  

i j  

k i  i j  k j  
-1 

For t h e  second term of  (3.23): 
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-1 2 a lodo < A  (t)- a Aik -1 (t)F A. (tto)3R(A-1(t,x),tto)/X(0) m nj ax n k 3R 
= - E Xmi(t)r 

-T 

x -1 (t,x>> wx 
(3.42) 

Now from (3.21) 

by (3.10). 

Thus (3.42) simplifies to 

(3.44) 

in which we have used (3.32) and (3.34). 

For the third term in (3.23): 

0 

da KCAik(t)Fk, ATl(tto) Fk (A(a,x) ,tta>/X(O) - 2 a a 
It 

- E A m p )  - A At)= 

- (t,X)1WX 

ax n-j m n -t 
- -1 
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For t h e  l a s t  term i n  (3 .23) :  

0 
= E 2 a  -[- a <Fk/X(0) = A-’(t,x)> ] 1 do <X-l(a)F,(A(a,x),tto)/X(0) 

ax ax j, 
k j  -t 

-1 = x ( t , x ) >  wx 

Combining (3 .401,  (3 .411,  (3 .441,  (3 .45)  and ( 3 . 4 6 ) ,  

X w 

0 

(3 .46)  

X ’ U  
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0 

(3 .47 )  

I n  pas s ing  w e  remark t h a t  t h e  basic i d e a  i s  t o  t r ans fo rm system 

( 3 . 1 5 )  i n t o  a system ( 3 . 2 2 )  w i t h  only small f o r c e s  which w i l l  pe rmi t  u s  

t o  w r i t e  down a s t o c h a s t i c  equa t ion .  Such a t r ans fo rma t ion  can  be 

e f f e c t e d  through t h e  i n t e g r a l s  of  t h e  unper turbed  system, and i n  ou r  

case, t h i s  amounts t o  d e s c r i b i n g  t h e  system a long  i t s  unper turbed  o r b i t s .  

A s  is po in ted  ou t  i n  t h e  d e r i v a t i o n ,  Equa t ion (3 .47 )app l i e s  i n  cases 

where (3 .16)  i s  l i n e a r  w i th  cons t an t  c o e f f i c i e n t s  and Fo is  a c o n s e r v a t i v e  

f o r c e .  If F is not  c o n s e r v a t i v e ,  t h e r e  i s  t h e n  need o f  i n t r o d u c i n g  a 

Jacob ian  i n  ( 3 . 3 9 )  and consequent ly  i n  (3.47).When (3 .16 )  i s  non- l inea r  

bu t  s t i l l  autonomous, we then  have t o  go back t o  ( 3 . 2 3 ) .  I n  t h e  most 

g e n e r a l  case when (3 .16 )  i s  non-autonomous t h e  A-transformation i n  (3 .23 )  

shou ld  be r e p l a c e d  by t h e  more gene ra l  t r a n s f o r m a t i o n  ( 3 . 7 ) .  

0 
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I V .  EXAMPLES FOR SPECIFIED RANDOM FORCES 

I n  t h i s  c h a p t e r  we cons ide r  some examples i n  which t h e  random f o r c e s  

a r e  assumed t o  be s p e c i f i e d .  O f  p a r t i c u l a r  i n t e r e s t  i n  plasma 

a p p l i c a t i o n  is t h e  h e a t i n g  of  e l e c t r o n s  by random e l e c t r i c  f i e l d .  

Sturrock'* has  cons idered  t h e  h e a t i n g  of  e l e c t r o n s  without  r e f e r e n c e  t o  

t h e  mechanism f o r  gene ra t ion  of  t h e  random e l e c t r i c  f i e l d .  

performed an  experiment i n  which a c o l l i s i o n l e s s  plasma i s  hea ted  by 

Pur i7  has  

an e l e c t r i c  f i e l d  o f  a no i sy  g e n e r a t o r .  

us ing  equat ions  developed e a r l i e r .  

We o b t a i n  s imilar  r e s u l t s  by 

The random e l e c t r i c  f i e l d  may be 

due t o  an  i n c i d e n t  p lane  wave and t h i s  i s  cons idered  i n  t h e  las t  

example. 

4 . 1  Example 1. Charged P a r t i c l e  i n  a Weak E l e c t r i c  F i e l d  

Consider a charged p a r t i c l e  with charge  q ,  mass m ,  i n  an  e l e c t r i c  

f i e l d  E ( x , t )  = - ax, " where @ i s  t h e  p o t e n t i a l .  Note t h a t  t h e  e l e c t r i c  

f i e l d  i s  no t  a f u n c t i o n  of v e l o c i t y .  The equa t ion  o f  motion g i v e s  

(4.1) 

If w e  normalize t h e  equa t ions  by" 

x = x x  

v = v v  

X 

- v  

- 0  

- 0  

0 t = t -  
0 

( 4 . 2 )  

;'i We may choose t h e  c o r r e l a t i o n  t ime of t h e  random f i e l d  as t h e  
c h a r a c t e r i s t i c  t i m e  and t h e  thermal  v e l o c i t y  as  t h e  c h a r a c t e r i s t i c  
v e l o c i t y .  
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where x o,vo,@o are characteristic quantitites not to be confused with 

initial values. Equation(4.1) in the normalized quantities is then 

given by 

(4.3) 

q@0 We express “weak field” by considering - = O ( E ) .  Formally then we 2 
mvn 

V 

can regard E in (4.1) as O ( E ) .  This corresponds to F1 0 = v, F 0 = 0, m 2 
F1 = 0 ,  E F ~  - E .  9 

m 

-1 Also x1 (t, x ,  v) = x - vt 

-1 x2 (t, x, v) = v 

(4.4) 

-1 1 -t) 
or R1 (t) = ( o  ( 4 . 5 )  

Using (3 .471 ,  we obtain the stochastic equation f o r  the first example as 

v ( 0 )  = v ’ wx 
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x - v t ,  V ( 0 )  = V I  wx 

v t ,  v ( 0 )  = V I  wx 

< E(x t V U ,  t t u)/X(O) = x - V t ,  V ( 0 )  = V > Ox 

0 

/ da 
-t 

a 
t (!I2 [- < E/X(O) = x - v t ,  V ( 0 )  v >I 

av av 

To compare wi th  S t u r r o c k ' s  r e s u l t s '  w e  assume t h e  e l e c t r i c  f i e l d  is 

e x t e r n a l ,  wi th  
< E ( x , t )  > = 0 .  ( 4 . 7 )  

The e lec t r ic  f i e l d  i s  f u r t h e r  assumed t o  be s t e a d y  and homogeneous i n  

t h e  s t a t i s t i c a l  s e n s e  , i. e .  

( 4 . 8 )  



3 1  

Let S(k,w)" be t h e  F o u r i e r  Transform o f  t h e  c o r r e l a t i o n  f u n c t i o n  K(x' ,a) 

so t h a t  

( 4 . 9 )  

Since  we have an  e x t e r n a l  f i e l d ,  t h e  c o n d i t i o n s  on a l l  ave rages  i n  

(4.6)may be dropped. 

case where 

If w e  a re  i n t e r e s t e d  i n  t h e  s p a t i a l l y  homogeneous 

a w  

ax 
X - =  0 

we f i n d  Equation (4.6) r educes  t o  

Now 

( 4 . 1 0 )  

( 4 . 1 1 )  

0 

-t 
= 0 + I da < E cs ( x  + va ,  t + a )  > 

.*. 
'' The w h e r e  s t a n d s  f o r  a n g u l a r  frequency and i s  n o t  t o  be confused 

w i t h  t h e  p r o b a b i l i t y  d e n s i t y  func t ion .  
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aE 0 

-t 
= I do < E - ( x  + vo, t t a )  > av 

(4.12) 

i n  which we have used ( 4 . 7 ) .  The u s e  of ( 4 . 1 2 )  f u r t h e r  reduces  t h e  

s t o c h a s t i c  Equat ion(4 .11) to  

o r  

Defining 

w e  o b t a i n  f i n a l l y  t h e  d e s i r e d  e q u a t i o n  

a a a w  

a t  av av x 2 = - D ( v , t )  - o 

( 4 . 1 3 )  

( 4 . 1 4 )  

(4.15) 

and by t + 0 0 ,  w e  mean t much l a r g e r  t h a n  t h e  c o r r e l a t i o n  t ime of E .  

Equat ion(4 .15) i s  a d i f f u s i o n  e q u a t i o n .  I t  h a s  been o b t a i n e d  a l s o  by 
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Stu r rock .  The r e a d e r  i s  r e f e r r e d  t o  S tu r rock  f o r  a d i s c u s s i o n  of some 

of  i t s  p r o p e r t i e s .  

4 . 2  Example 2 .  Charged P a r t i c l e  i n  a Weak E l e c t r i c  F i e l d  wi th  a Cons tan t  

Magnetic F i e l d  - 

Consider a charged p a r t i c l e  under t h e  i n f l u e n c e  of  a c o n s t a n t  

magnetic f i e l d  pe rpend icu la r  t o  i t s  plane of motion. A small random 

e x t e r n a l  e l e c t r i c  f i e l d  i s  a p p l i e d  i n  t h e  t r a n s v e r s e  d i r e c t i o n  as  

shown i n  t h e  f i g u r e .  For s i m p l i c i t y  w e  assume E i s  on ly  a f u n c t i o n  of 

t ime.  The o r i e n t a t i o n  of t h e  magnetic f i e l d  B and t h e  e l e c t r i c  f i e l d  

E ( t )  i s  d e p i c t e d  i n  t h e  f i z u r e .  
z 

X 

The e q u a t i o n s  o f  motion for t h e  p r e s e n t  problem a r e  

E 
Y 

where w = q B  
c m  

(4.17) 

(4.18) 
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= x  
With x1 

x2 = Y 

x = v  
3 x  

4 Y  
x = v  

( 4 . 1 7 )  becomes 

x1 = x3 

x = x4 2 

9 x = W X  + - E  3 c 4  m x  

9 x = - w x  t - E  
4 c 3  m y 

From t h e  unperturbed system w e  o b t a i n  

(4.19) 

(4 .20 )  

(4 .21 )  

( 4 . 2 2 )  



The Corollary 

yielding 

-1 R (t) = 

35 

( 3 . 9 )  and Equation (3.24) can be used to compute R-l, 2 0 

sin w t 
C - .  -- 

w 
C 

[cos w t - 
C 

w 
C 

cos w t 
C 

sin w t 
C 

(4 .231  

Substituting into ( 3 . 4 7 1 ,  



36 

where 

K (01  = KCEx,E 1 
X Y  Yo 

K ( a )  = KCE , E  1 
YX Y xo 

K xx ( a )  = KCEx,Exol 

K ( a )  = KCE E 1 
YY Y Yo 

> = < E  > = O .  
< Ex Y 

and w e  have assumed 

(4 .24 )  will be cons ide rab ly  s i m p l i f i e d  i f  w e  assume 

K ( a )  = 0 
YX 

(4 .25 )  

(4 .26 )  

( 4 . 2 7 )  

(4 .28 )  

T h i s  i s  equ iva len t  t o  say ing  t h a t  t e e l e c t r i c  f i e l d  a l o n g  any  

p a r t i c u l a r  d i r e c t i o n  h a s  t h e  same s t a t i s t i c a l  p r o p e r t y  (up  t o  2nd o r d e r ) .  

Indeed,  ( 4 . 2 5 ) ,  (4 .26 )  and (4 .27 )  imply t h a t  < Ee > = 0 ,  < EeEeo > = 

K 

If we r e s t r i c t  t o  homogeneous and i s o t r o p i c  d i s t r i b u t i o n s ,  

( 0 1 ,  where E i s  t h e  e l e c t r i c  f i e l d  s e e n  i n  any  p a r t i c u l a r  8 - d i r e c t i o n .  xx e 
i . e .  
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so t h a t  

w = w(v),  v = &  + v2 
X Y  

(4.24) simplifies t o  

or 

1 2  
2 where u = - mv 

Equation (4.29) can be r e w r i t t e n  as 

a 2  a 2  -- a w  - - (-- t --) D ( t ) w  
a 2  at av 

X Y  

where 

We n o t e  t h a t  

0 
D(t-) = (PI2 I K(a) cos wco du 

-m 

= 2.n S ( w  1 2 m  C 

(4.29) 

(4.30) 

(4.31) 

(4.32) 

(4.33) 
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W 

(4 .34 )  

Aside from t h e  fact  t h a t  w e  a l low spa t i a l  dependence of t h e  e l e c t r i c  

f i e l d  i n  Example 1, t h e  magnetic f i e l d  i s  seen  t o  cause  a s h i f t  i n  t h e  

frequency a t  which t h e  s p e c t r a l  d e n s i t y  i s  t o  be e v a l u a t e d .  

t h a t  t h e  s o l u t i o n  s u b j e c t  t o  an  i n i t i a l  Maxwellian d i s t r i b u t i o n  is 

I t  is clear 

Maxwellian. I n  fact  i f  

2 -mv - 
0 = -- I m e  K T  , t = O  271 KT 

t h e n  t h e  s o l u t i o n  o f  Equation (4.32) i s  

2 
-V 

2 E- (T t AT) e m 1 

271 q T  t AT) 
0 ----- 

m 

where 
+ 

(4 .35 )  

( 4 . 3 6 )  

( 4 . 3 7 )  

Here K i s  t h e  Boltzmann c o n s t a n t ,  T t h e  t empera tu re .  The h e a t i n g  r a t e  i s  

D ( t )  
dAT - 2m 
d t  K 
- - -- ( 4 . 3 8 )  

( 4 . 3 9 )  

We have omitted any motion i n  t h e  z - d i r e c t i o n  ( i . e .  a l o n g  t h e  magnetic 

f i e l d ) .  I f  t h e  c o r r e l a t i o n  between t h e  l o n g i t u d i n a l  and t r a n s v e r s e  
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motions i s  ignored ,  t h e  Ex, E 
Y 

t r a j e c t o r y  i n  t h e  z - d i r e c t i o n .  

Unlike E q ~ a t i o n ( 4 . 6 ) ~  however, S t u r r o c k ' s  d i f f u s i o n  equa t ion  i s  d i f f e r e n t  

from (4 .32)  s i n c e  he uses  t h e  guid ing  c e n t e r  approach.  

d i sadvantages  i n  us ing  t h e  guid ing  c e n t e r  approach is  t h a t  t h e  r a d i u s  

of g y r a t i o n  approaches t o  i n f i n i t y  as t h e  magnetic f i e l d  dec reases  

towards ze ro .  

f i e l d  l i m i t  from t h e  theo ry .  

d i f f i c u l t i e s .  

may be eva lua ted  a long  t h e  r e c t i l i n e a r  

1 The r e s u l t s  a g r e e  wi th  S tu r rock 'g .  

One o f  t h e  

Hence it is d i f f i c u l t  t o  r ecove r  t h e  ze ro  magnetic 

The present  approach does no t  have such 

If t h e  magnetic f i e l d  assumes d i f f e r e n t  v a l u e s  Over d i f f e r e n t  

p e r i o d s ,  which are much longe r  than  the  c o r r e l a t i o n  time of t h e  e l e c t r i c  

f i e l d ,  w e  may expec t  t h a t  t h e  r e s u l t  can be r e a d i l y  ob ta ined  by 

combining t h e  ahove r e s u l t s  over  t h e  i n t e r v a l s .  

t h e  case wi th  a time vary ing  magnetic f i e l d .  

m o d i f i c a t i o n s ,  t h e  approach is s i m i l a r  and s t r a i g h t - f o r w a r d ,  so t b a t  

w e  w i l l  j u s t  b r i e f l y  i n d i c a t e  how t h i s  can  be done. 

c o n s t a n t  B ,  w e  l e t  

P y i 7  has  cons idered  

Except f o r  s9me minor 

Instead 05 a 

w c ( t )  = w c C l  + A c o s  ( p t  t '4'11 

where w A ,  p ,  Y are c o n s t a n t s .  We have 
C Y  

(4.40) 

9 I iX = w c W  v + - y m Ex 
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Ins t ead  o f  t h e  submatr ix  

i n  (4 .23 ) ,  w e  have 

( 4 . 4 2 )  

( 4 . 4 3 )  

where 

e ( t  , t )  w (t- tO) t B s i n ( p t 0 t Y )  - s i n ( p t t Y 1  ( 4 . 4 4 )  
0 C 

Note t h a t  w e  do no t  have a n  autonomous sys tem,  and t h e  more g e n e r a l  

r e l a t i o n s  ( 3 . 7 )  and ( 3 . 1 1 )  should be used .  

however, is  i n  ( 3 . 4 5 )  where A - l ( u )  should  be r e p l a c e d  by '4 9 ( t , t t u )  SO 

t h a t  w e  need on ly  r e p l a c e  cos w u i n  ( 4 . 2 9 )  by c o s  e ( t , t t a ) ,  r e s u l t i n g  i n  

The o n l y  m o d i f i c a t i o n ,  

9 

C 

( 4 . 4 5 )  
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If w e  mere 
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is  fo rma l ly  t h e  same wi th  

(4 .46)  

y extend t h e  lower l i m i t  -t t o  -03 i n  ,4.46) D ( t )  becomes a 

p e r i o d i c  f u n c t i o n  wi th  a pe r iod  2n/p. 

no t  respond t o  such fast  changes.  

t a k e  t h e  t ime average  of  D ( t )  f o r  t h e  h e a t i n g  r a t e .  

cos B ( t , t t u ) ,  u s ing  

Usually t h e  measuring dev ice  can 

Therefore ,  it seems reasonab le  t o  

We f i rs t  expand 

m 

cos  a s i n  z = J , ( a )  t 2 C 
n = l  

J2n (a )  cos  2nz 

m 

(a) s i n ( 2 n t l ) z  J2n t1  s i n  a s i n  z = 2 C 
n = l  

where J i s  t h e  Bessel f u n c t i o n  of t h e  f i rs t  k ind  o f  o r d e r  n .  We f i n d  

t h a t  

n 

cos  e ( t , t t a )  = cosCwca t B s i n ( p t  t \y )  - 13 s i n ( p t  t pa t "11 

where 

W 

C,(pt) Jo(B) + 2 C 
n = l  

J 2 n ( B )  c o s  2 n ( p t  t Y )  (4 .48)  
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m 

(4.49) 

The t ime average  o f  (4 .46 )  can now be performed by u s i n g  (4 .47) .  It 

g i v e s  

Here < > means time average .  Note t h a t  averaging  on t i m e  i s  f o r m a l l y  t 

t h e  same as  averaging  on Y .  

E q u a t i o n ( 4 . 5 0 ) i s  same as  P u r i ' s  r e s u l t .  S e v e r a l  p o i n t s  are worth 

n o t i c e .  P u r i  u s e s  a randomizat ion p e r i o d  t e c h n i q u e .  I t  i s  n o t  c lear  

whether he has  taken  i n t o  account t h e  non-autonomous n a t u r e  of t h e  

system. Because of t h e  non-autonomous n a t u r e ,  w e  f i n d  it n e c e s s a r y  t o  

use  t h e  time average  t e c h n i q u e ,  which i s  a b s e n t  i n  P u r i ' s  t r e a t m e n t .  

Also he h a s  assumed Ex E 0 .  

p a r t i c l e  w i l l  be a c c e l e r a t e d  a n i s o t r o p i c a l l y .  

I n  t h e  l i m i t  B -+ 0 ,  w e  see t h a t  t h e  

F i n a l l y ,  i n  o r d e r  t o  measure t h e  h e a t i n g  r a t e  e x p e r i m e n t a l l y ,  one 

s tar ts  out wi th  a n  ensemble o f  n o n - i n t e r a c t i n g  p a r t i c l e s  wi th  a n  i n i t i a l  

d i s t r i b u t i o n .  

a n  i d e n t i c a l  e l e c t r i c  f i e l d ,  t h e  d i s t r i b u t i o n  w i l l  n o t  be Maxwellian. 

I t  i s  poin ted  o u t  by P u r i  t h a t  if a l l  t h e  p a r t i c l e s  see 

He t h e n  a r g u e s  t h a t  if Y r e p r e s e n t s  t h e  phase a n g l e  of t h e  magnet ic  

f i e l d  a long i t s  a x i s ,  t h e  p a r t i c l e  v e l o c i t y  w i l l  c o n s i s t  o f  a sum of 

'quasi- independent"  modes which enables t h e  u s e  of c e n t r a l  l i m i t  

theorem. I t  is d i f f i c u l t  t o  see how t h i s  is done. More b a s i c a l l y ,  i f  

o n l y  a s i n g l e  r e a l i z a t i o n  of t h e  random e l e c t r i c  f i e l d  i s  c a r r i e d  o u t ,  

it i s  even more d i f f i c u l t  t o  see t h e  s i g n i f i c a n c e .  T h i s  m o t i v a t e s  t h e  

fol lowing example. 
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4.3 Example 3. Plasma Heating by a Plane Wave 

So far w e  have n o t  cons idered  t h e  o r i g i n  o f  t h e  randomness o f  t h e  

e lec t r ic  f i e l d .  We now cons ide r  a phys ica l  s i t u a t i o n  t h a t  may ar ise .  

Consider a p l ane  wave propagat ing  i n  t h e  d i r e c t i o n  of  t h e  magnetic 

f i e l d .  For s i m p l i c i t y ,  assume t h e  wave i s  c i r c u l a r l y  p o l a r i z e d .  The 

equa t ions  of motion a r e  t aken  as 

i = v  

ir = o  

2 = v  

Z 

z 

X 

4 C = W V  + - E  x c y  m x  

= vY 
4 C = - W V  + - E  c x  m y Y 

The c i r c u l a r l y  p o l a r i z e d  e l e c t r i c  f i e l d  i s  g iven  by 

E = E s i n ( w o t  - k z )  
X 0 

( 4 . 5 1 )  

(4 .52 )  

where w 

ignored  t h e  f o r c e  a s s o c i a t e d  wi th  the  magnetic f i e l d  of  t h e  wave. 

S u b s t i t u t i n g  z = zo t v 

v e l o c i t i e s ,  

i s  t h e  frequency apd k t h e  wave number o f  t h e  wave. We have 
0 

i n t o  t h e  equa t ions  for t h e  t r a n s v e r s e  
zo 

C = w v t - 4 Eosin( (w - kv >t  - kzo)  
x c y  m 0 zo 
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= -w v t s_ EOcos( (u!,  - kv zo )t - kzo) Y c x  m (4 .53 )  

Suppose we have an ensemble of non-interacting particles uniformly 

distributed in space. The initial distribution of longitudinal velocity 

is to be independent of that of transverse velocity. Consider the space 

generated by kzO = 0, to kzo = 2 ~ ,  for example. 

a slab if vzOt is small.) 

particle with (v ,v ) in this space. 
X Y  

as random with random phase kz 0 and random frequency o 0 - kvZO. 

any preassigned correlation function K ( a ) ,  there is a distribution of 

w - kv or a distribution S(v ) of v so that the electric field 

E In fact 

(This will roughly be 

Let w(vx,v be the probability density of a 

The electric field can be regarded 
Y 

For  

0 20 zo zo 

is a stationary process with this correlation function.8 
X 

= l<(o)  (4 .55 )  

Here S is seen to be proportional to the spectral density of Ex(t). 

The cross correlations are not zero but antisymmetric, 
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= - < E ( t )  Ex(t  + 0 )  > 
Y 

(4 .56 )  

Applying (4.241, w e  have t h e  fo l lowing  d i f f u s i o n  equa t ion .  

O OD 

-t -00 

1 2  - -  da  2 Eo .f cos(wc t wo - kvzO)a a t  
X 

A s  t + 00, w e  have 

ami t h e  h e a t i n g  r a t e  i s  

(4 .58 )  

(4 .59 )  

w + w  

k 
Note t h a t  t h e  maximum o c c u r s  when c 

v e l o c i t y  a long  t h e  d i r e c t i o n  o f  propagat ion .  

0 equa l s  t h e  most probable  -~ 

4.4  Summary 

I n  t h i s  Chap te r ,  w e  have app l i ed  ou r  p rev ious  r e s u l t s  t o  s e v e r a l  

s i t u a t i o n s ,  i n  which a charged p a r t i c l e  expe r i ences  a random e lec t r ic  

f i e l d .  By c o n s i d e r i n g  a n o n i n t e r a c t i n g  ensemble of charged p a r t i c l e s ,  

it i s  found t h a t  h e a t i n g  i s  p o s s i b l e  wi th  a random e l e c t r i c  f i e l d ,  
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and t h e  hea t ing  r a t e  i s  i n  g e n e r a l  p r o p o r t i o n a l  t o  t h e  s p e c t r a l  d e n s i t y  

of  t h e  random f i e l d .  

t h e  e f f e c t  of a s h i f t  i n  t h e  frequency a t  which t h e  s p e c t r a l  d e n s i t y  

i s  t o  be eva lua ted .  This  i s  p a r t i c u l a r l y  c lear  i n  t h e  las t  example, 

i n  which t h e  o r i g i n  of t h e  randomness of  t h e  f i e l d  i s  a l s o  c o n s i d e r e d .  

In  general . .  t h e  presence o f  a magnetic f i e l d  h a s  
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V. GENERALIZED STOCHASTIC EQUATIONS APPLIED 

TO THE COULOMB POTENTIAL PROBLEM 

I n  t h e  i n t r o d u c t i o n  w e  have a l r e a d y  po in ted  o u t  t h a t  t h e  a p p l i c a t i o n  

of  t h e  conven t iona l  Fokker-Planck equat ion  t o  t h e  Coulomb p o t e n t i a l  

problem invo lves  some d i f f i c u l t i e s .  For one r eason  t h e  c o e f f i c i e n t s  can- 

n o t  be determined e x p l i c i t l y  wi thout  t h e  use o f  some model o r  o t h e r  t heo ry .  

From a t h e o r e t i c a l  p o i n t  of view, t h i s  may l e a d  t o  incons i s t ency .  On 

t h e  o t h e r  hand, t h e  k i n e t i c  equa t ion  o f  a plasma based on t h e  BBGKY t h e o r y  

can be manipulated i n t o  t h e  form of a Fokker-Planck Aside 

from t h e  fact  t h a t  w e  wish t o  d e r i v e  t h e  k i n e t i c  equa t ion  us ing  t h e  

Fokker-Planck equa t ion  approach, t h i s  does n o t  g i v e  a g e n e r a l  exac t  form 

o f  t h e  c o e f f i c i e n t s  i n  terms o f  t h e  random f o r c e .  

E a r l y  a t t e m p t s  i n  f i n d i n g  t h e  c o e f f i c i e n t s  i n t r o d u c e s  t h e  c o l l i s i o n  

2 Gasiorowizc e t  a l .  , 10,12 concept by means o f  t h e  Boltzmann equat ion .  

use  t h e  Vlasov equa t ion  and a Holtzmark d i s t r i b u t i o n .  

Bogoliubov's method, Tolmachev13 in t roduces  a c h a i n  o f  l i n k e d  d i s t r i b u t i o n s  

Following 

a t  d i f f e r e n t  times f o r  t h e  Coulomb p o t e n t i a l  problem. 

d i v e r g e n t  a t  extreme d i s t a n c e s  of  i n t e r a c t i o n .  

t e r n a r y  c o r r e l a t i o n  t o  i n s u r e  convergence a t  l a r g e  d i s t a n c e s .  H i s  r e s u l t s  

have been f u r t h e r  r e f i n e d  by Tchen.' 

on t h e  L i o u v i l l e  equa t ion  or t h e  BBGKY t h e o r y ,  and a r e  e s p e c i a l l y  

The r e s u l t s  are 

Temko14 makes use o f  a 

These methods are p r i m a r i l y  based  

formula ted  f o r  t h e  Coulomb p o t e n t i a l  problem. As a r e s u l t ,  t h e s e  methods 

may n o t  be s u i t a b l e  f o r  systems w i t h  more g e n e r a l  f o r c e s .  

I n  t h i s  c h a p t e r  g n e r a l i z e d  s t o c h a s t i c  equa t ions  are used f o r  t h e  

lowes t  and h i g h e r  d i s t r i b u t i o n s .  With a c l u s t e r  expansion, t h e  e q u a t i o n s  

are decoupled and t h e  c o e f f i c i e n t s  are determined. 
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I 
i L i o n v i l l e  
Equation 

- 

A diagram r e l a t i n g  v a r i o u s  approaches i s  as fo l lows:  

t, 

BBGKY Theory 
Bol t  zmann Equat ion  
Dressed p a r t i c l e  
t h e o r y ,  e tc .  

r 

4 
J 

t 

Markov Model 
or Lagrange 

Genera l ized  
S t o c h a s t i c  . . . . . . . 

I Equat ions  

Lowest Convent i o n a l  Higher 
D i s t r i b u t i o n  Fokker-Planck J 

Equation 

The d o t t e d  l i n e  i n d i c a t e s  some r e l a t i o n  between t h e  g e n e r a l i z e d  s t o c h a s t i c  

equat ions  and L i o n v i l l e  equa t ion .  

c h a p t e r .  

5 . 1  Formulation of t h e  Coulomb P o t e n t i a l  Problem 

T h i s  p o i n t  is d i s c u s s e d  i n  t h e  f i n a l  

We cons ide r  a system of N i d e n t i c a l  e l e c t r o n s  i n  a volume V ,  w i th  

L e t ? .  be t h e  s p a t i a l  a uniform background of immobile p o s i t i v e  charge .  

coord ina te  of  t h e  j t h  e l e c t r o n ,  v t h e  v e l o c i t y  and E t h e  e l e c t r i c  

f i e l d  seen by t h e  e l e c t r o n .  

3 
3 3 

j j 
The e q u a t i o n s  of motion are then  

j = 1, ..., N (5.1) 
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where -e and m a r e  t h e  charge and mass of t h e  e l e c t r o n .  In t roducing  t h e  

p o t e n t i a l  

w e  have 

Normalizing Equat ion (5.d by 

-5 -5 
x = X I ?  j - j  0 

j - j  0 
A 2  
v = v v  

r - 0  t = t -  
0 V 

Equat ions  ( 4 . U  become 

(5.2) 

( 5 . 3 )  

(5 .4 )  

( 5 . 5 )  

Here w e  t a k e  r an e f f e c t i v e  range of  t h e  f o r c e ,  v as  t h e  thermal  
0 0 

v e l o c i t y ,  wi th  
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2 

0 

e 
r 4o = - (5.6) 

( 5 . 7 )  

0 

0 

r 
The c h a r a c t e r i s t i c  time i s  - and should be such t h a t  t h e  h i g h e r  

d i s t r i b u t i o n s  r e l a x  i n  a time of a few c h a r a c t e r i s t i c  t imes ,  e n a b l i n g  u s  

t o  drop t h e  i n i t i a l  c o n d i t i o n s  and ex tend  t h e  l i m i t  of  i n t e g r a t i o n  t t o  

m a s  i n  t h e  l a t e r  development. We a s s i g n  

V 

.'. 

$0 
- = E  

2 
0 mv 

(5.8) 

t o  be a small number. This  means t h e  i n t e r a c t i o n  is weak compared t o  

t h e  thermal  energy. 

L e t  

(5.9) a A 3  5 = ( x , v >  

4 

be a s i x  dimensional  v e c t o r .  L e t  D 

t h e  p r o b a b i l i t y  d e n s i t y  of ('x 

E j , ]  1,2, . .. . 
We c o n s i d e r  on ly  symmetrical  d i s t r i b u t i o n s ,  i . e . ,  i f  M maps (1, ... 

(TL,tl; ... ; S . , t . )  be 
pl; ; v .  1 7  

1 ,  
( t l ) ,*  ( t , ))  = E , ,  . * .  , (G,, (tj),* ( t j ) )  

A 9: 9i . p1 pl j 9 
Herepmaps t h e  se t  (1, ... , j )  i n t o  (1, . .  . , N). 

, N) 

o n t o  (1, ... , N) i n  a 1-1 manner, t h e n  

-5 > - 2  , t .>  
' j i  ; c . , t . )  = D ( S , , t , ;  

I l l ,  - . -  Y P j  
('5 f . . . 

DM(pl),  ... , M(p.1 I 1 1; 1 3  

(5.10) 
9C 

15 For a plasma, r 
c h a r a c t e r i s t i c  time is  t a k e n  as t h e  r e c i p r o c a l  of t h e  plasma frequency.  

To keep our  n o t a t i o n s  s imple  and comparable t o  t h o s e  i n  t h e  l i t e r a t u r e ,  
w e  w i l l  no t  use c a p i t a l  l e t t e r s  as i n  Chapter  I .  

i s  u s u a l l y  taken  as  t h e  Debye l e n g t h  and t h e  

.I. '. ,.Y. 
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Since  t h e  system ( 5 . 1 )  is i n v a r i a n t  under t h e  t r ans fo rma t ion  M y  t h i s  

i s  e q u i v a l e n t  t o  r e q u i r i n g  D 

I n  view of t h e  symmetry, w e  w i l l  suppress  t h e  s u b s c r i p t s  pl, ... p 
whenever t h e y  are d i s t i n c t .  Thus 

A A 
, ( S , , O ;  ... ; S,,O) t o  be symmetrical. 1, ... 

j 

(5 .11 )  

L e t  

be t h e  c o n d i t i o n a l  p r o b a b i l i t y  d e n s i t y  of 

g iven  

(5 .12)  

where 

j = 1,2, ... and k = 1 , 2 ,  ... 
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Ag;j i n  , when t h e  s u b s c r i p t s  1-1 1 * "  3 p > p i ¶  " '  Ypk are d i s t i n c t ,  we w i l l  
j 

-5 A A 
j u s t  w r i t e  a s  D ( E l , t l ;  . . . ;cj,tj/?l,ti; . . . ;e ;  ,t;) ' 

Since we have a l a r g e  volume V ,  it is  convenient ( p a r t i c u l a r l y  i n  
A 

t h e  case  of s p a t i a l  homogeneity, i . e . ,  aD( ' , t )  = 0 1  t o  wri te  
a; 

More g e n e r a l l y ,  w e  l e t  

(5 .13 )  

(5 .14 )  

S i m i l a r l y  l e t  

We now i n t r o d u c e  t h e  c l u s t e r  expans ion .16  We s h a l l  w r i t e  down on ly  

t h e  f i r s t  few r e l a t i o n s  e x p l i c i t l y .  Define P ,  T ,  Q as fo l lows :  

(5 .16 )  

( 5 . 1 7 )  
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(5 .18)  

where C ’  means t h e  summation ind ices  i ,  j ,  k ,  R are t o  be a l l  d i s t i n c t .  

I n  t h e  l a t e r  development, w e  r e q u i r e  P t o  be o f  first o r d e r ,  T and 

Q of h i g h e r  o r d e r  t han  P .  

t h e  p a r t i c l e s  a r e  independent ,  t h i s  i m p l i e s  t h a t  

To zeroth o r d e r ,  s i n c e  t h e  t r a j e c t o r i e s  o f  

i=l 

and 

( 5 . 2 0 )  



54 

S i m i l a r l y ,  we have 

i 
= f1 ( r i , t i )  j+k - < 4 
i=l 

(5.21) 

t o  t h e  ze ro th  o r d e r .  

D 

I t  should be noted  i n  such c a s e s ,  D may con ta in  6- func t ions .  

I n  f a c t ,  t o  zero th  o r d e r ,  

We w i l l  no t  employ s p e c i a l  n o t a t i o n s  for 
z (t1,tl; ... ;S.,t.) when t h e  p ' s  are not  a l l  d i s t i n c t .  

3 3  j j 
PI' . e *  7 P  

j q, YP 

( t  ,t ;% , t  ;f ,t ;? ,t ;1' , t '  ;?' , t '  ;?' , t '  ;5' ,t' D1,2,3,4,1,2,3,4 1 1 2 2 3 3 4 4 1 1 2 2 3 3 4 4 

(5.22) 

where 

J 

We a r e  now ready t o  w r i t e  down some s t o c h a s t i c  e q u a t i o n s .  Let us 

d e f i n e  the  fo l lowing  q u a n t i t i e s .  

(5.23) 
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E E .  ( ' j t . t$ .u , t . tu )  
j Bo I B I I  3 

j = 1 , 2 ,  ... , N 

j 1,2, ... , N 

j = 1 , 2 ,  ... , N 

(5 .24)  

(5 .25)  

(5 .26)  

(5 .27 )  

(5 .28)  

(5 .29)  

where t h e  s u b s c r i p t s  a ,  Brefer t o  the  a t h  and 6 t h  component of  a t h r e e  

dimensional  vec to r .  

Taking j 1 i n  system ( 5 . 1 ) ,  we can w r i t e  down t h e  s t o c h a s t i c  
A 

equa t ion  f o r  D(T19tl) or f ( 5  

example 1 ( n o t e  t h a t  however t h e  p o t e n t i a l s  are de f ined  somewhat 

t ) .  This  i s  formal ly  t h e  same as i n  1 1) 1 

d i f f e r e n t l y ) .  To allow f o r  a t h r e e  dimensional  space ,  refer  t o  Equat ion 

(2.31a). The r e s u l t  is :  
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0 

(5 .30)  

where a, B are t o  be summed from 1 through 3 ,  and w e  have r e p l a c e d  t h e  

lower l i m i t  - t ,  o f  i n t e g r a t i o n  by -03, s i n c e  w e  are  i n t e r e s t e d  i n  t ime 

long  compared t o  t h e  c o r r e l a t i o n  t ime. 

According t o  t h e  r e s u l t s  i n  Chapter I ,  D(? ,t / r  ,t ) s a t i s f i e s  a 1 1 2 2  
.A 

similar Equation as D([ t ) SO t h a t  gill ( F  ,t /r , t2) sa t i s f i e s  (5 .30)  
1, 1 

provided t h e  e x t r a  c o n d i t i o n  

( 5 . 3 1 )  
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i s  imposed on a l l  a v e r a g e s ,  s o  t h a t ,  

atl 

a g l / l  
+ v l c l  ax la 

- 0 

( 5 . 3 2 )  

Thus, if w e  know t h e  v a r i o u s  c o n d i t i o n a l  averages ,  w e  can f i n d  fl and 

The fact  is t h a t  t h e s e  c o n d i t i o n a l  averages  o f  E are  f u n c t i o n s  g1/1*  1 

Of fl¶ g l / l  and perhaps h i g h e r  d e n s i t y  f u n c t i o n s  and must be determined 
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c o n s i s t e n t l y .  

if w e  make use of t h e  d e f i n i t i o n  o f  t h e  v a r i o u s  d e n s i t y  f u n c t i o n s ,  w e  

f i n d  t h a t  

This  i s  c lear  from Equation(5.3) which d e f i n e s  E 1' Indeed,  

where we have made use of t h e  assumption t h a t  t h e  p a r t i c l e s  a r e  

i n d i s t i n g u i s h a b l e .  S i m i l a r l y  

(5 .33)  
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Using (5.211, (5 .221 ,  ( 5 . 3 3 )  and (5 .341 ,  w e  can estimate t h e  o r d e r s  

The r a t i o s  o f  t h e s e  of magnitude of  t h e  v a r i o u s  terms i n  Equation(5.30). 

terms are found t o  be 

1st 
term 2nd 3rd  4 t h  5 t h  through 8 t h  

3 2 3 2 2  3 2  2 2  1 : 1 : n r ( $  /mvo 1 : noro($O/mvo 1 : ( n o r o )  ($,/mv0 ) 0 0  0 

(5 .35)  

Here w e  have t aken  N, V t o  be l a r g e ,  w i th  a f i n i t e  r a t i o  

N 
V 0 (5 .36)  
- =  n 

We w i l l  c o n s i d e r  two cases. I n  t h e  f irst  c a s e ,  n r3 2, 1, so  t h a t  0 0  

(5 .35 )  is  of  t h e  form 

(5 .37 )  2 2 
1 : l : E : E  : E  

Keeping terms up t o  E ~ ,  w e  w i l l  show t h a t  (5 .30)  r e s u l t s  i n  t h e  Fokker- 

3 1  Planck equa t ion .  In  t h e  second case ,  w e  c o n s i d e r  t h e  l i m i t  n r +. - 0 0 E ’  

which l e a d s  u s  t o  t h e  k i n e t i c  equat ion .  I n  both  cases, we assume 

s p a t i a l  homogeneity , i . e.  , 
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17 5.2 The Fokker-Planck Equat ion 

I n  t h i s  case w e  cons ide r  

nor: n, 1 (5 .38)  

and keep terms of  (5 .30)  t o  second o rde r .  

and (5 .37 ) ,  w e  need g 

D 

(5 .21)  and (5 .22 ) .  

o r d e r .  

According t o  (5 .331,  (5 .34)  

t o  first o r d e r  i n  ( 5 . 3 3 ) ’  g2/1 as w e l l  as 
1/1 

t o  z e r o t h  o r d e r  i n  (5 .34 ) .  The last  two can be ob ta ined  from 
2 ’ 2 / 1  

Thus our  primary concern i s  t o  f i n d  g t o  first 
1/1 

Note t h a t  t h e  o rde r ing  i n  (5 .37)  a p p l i e s  t o  (5 .32)  as w e l l .  Thus 

s a t i s f i e s  ’ g1 /1  t o  f irst  o r d e r  

atl 
t v  - la avla 

(5 .39 )  

By symmetry of t h e  d e n s i t y  func t ions  as w e l l  as t h a t  o f  system ( 5 . 1 )  

(under  t h e  t r ans fo rma t ion  MI, 

(5 .40)  

The result  i s  expected s i n c e  it is simply Equation(5.32) or Equat ion 

6 . 3 9 ) f o r  t h e  second e l e c t r o n .  
2 3  

By first s e t t i n g  t l  = 0 ,  t h e n  5, = n19 
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L L 

is found 

(5.41)  

i n  a way similar t o  (5 .33 ) .  

i 
J ax2a 

(5.42)  

S i n c e ,  accord ing  t o  (5.37) ,  t h e s e  a r e  of  f i rs t  o r d e r ,  w e  need on ly  

t o  z e r o t h  o rde r .  From (5.21)  and ( 5 . 2 2 ) ,  g l / 2 '  D1/1,2 

(5.43)  
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J 
D1/1,2 ti.' 1 ,t 2 6 1 ,O;??;,,O) = 6(x;-CCjil-~lt)t~lt21) 6c=;-$l) (5 .44)  

S i m i l a r l y ,  i n  t h e  l a s t  term of (5 .411 ,  w e  need on ly  g t o  z e r o t h  
1/1 

o r d e r ,  which i s  f from (5 .21 ) .  P u t t i n g  i n  (5 .41 )  1 

a + ( ?2-21-$l ( t 2- t 
- - 1  -- a flG2 . t 2 )  (5 .45 )  

ax2a m av  2a 

A a f l (  c , t 
ax 

= 0 ,  so t h a t  
3. 

where we have used 

To s o l v e  Equation ( 5 . 4 5 ) ,  w e  "freeze" . T h i s  assumes t h a t  
f l  

gill approaches i t s  t -foe form i n  a t ime s h o r t  compared w i t h  t h a t  ove r  

which f is vary ing .  The s o l u t i o n  i s  

2 
$: 

1 
>t 

Formally, (5 .45 )  can be s o l v e d  by t a k i n g  t h e  F o u r i e r  t r a n s f o r m  on 2 2 
followed by t h e  s t a n d a r d  method of v a r j a t i o n  of pa rame te r s .  
be so lved  by us ing  Laplace t r ans fo rm.  

I t  can  a l s o  
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+ 

0 

where 

k = I k l  

(5 .47)  

( 5 . 4 8 )  

(5 .49)  

For s i m p l i c i t y ,  l e t  us  omit t h e  term due t o  i n i t i a l  va lue .  This  amounts 

t o  assuming i n i t i a l l y  t h e r e  i s  no c o r r e l a t i o n .  Equat ion (5 .33 )  can t h e n  

be e v a l u a t e d  i n  a s t r a i g h t f o r w a r d  manner, by us ing  (5 .47)  wi th  t2 = t -. 1 
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k 4 2n e 0 
m 

where 

(5 .50)  

(5 .51 )  

and F' i s  t h e  d e r i v a t i v e  of F wi th  r e s p e c t i v e  t o  i t s  argument. 

We have omi t t ed  t h e  i n i t i a l  c o n d i t i o n .  For  t h e  c a s e  of  non-zero 

i n i t i a l  c o r r e l a t i o n s ,  t h e r e  a r e  c o n d i t i o n s  on t h e  i n i t i a l  c o r r e l a t i o n s .  

18,17 
These cond i t ions  have been s t u d i e d  by Sandr i  and Frieman. 

a -h 
To f i n d  e2 <ElaElBo/S,(O) = ql > accord ing  t o  (5 .34)  and ( 5 . 3 7 ) ,  

t o  z e r o t h  o r d e r ,  which can be found from (5 .21)  
2 , 2 / 1  

we need g and D 

and (5.22) .  

2 / 1  

Because of s p a t i a l  homogeneity, t h e r e  i s  no c o n t r i b u t i o n  

due t o  g 2,1, s o  t h a t  
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Hence 

0 

*a k ' v  = h o e 4  j 7 kakB F ( G ) d ?  

(5.52) 

(5 .53)  
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Here again we have f rozen  f and t aken  t h e  l i m i t  t -me 1 1 

We are ready  t o  w r i t e  down Equation (5 .30)  wi th  a l l  t h e  f u n c t i o n a l s  

The fo l lowing  p o i n t s  a r e  observed: involved e x p l i c i t l y .  

1. Terms invo lv ing  <E l a  /P(O) 1 = ~ l > < E , B o / ~ l ( 0 )  = T1> van i sh  t o  t h e  

o r d e r  concerned ( h e r e  second o r d e r ) .  For, accord ing  t o  (5 .33 )  and 

(5 .37 ) ’  w e  need g 

s p a t i a l  homogeneity, t h e r e  i s  no c o n t r i b u t i o n .  

t o  z e r o t h  o r d e r  f o r  each average .  Because of 
1/1 

It  fo l lows  t h a t  

2.  To t h e  o r d e r  concerned, 

(5 .54 )  

(5 .55)  

i n  (5 .34)  t o  z e r o t h  o r d e r ,  which are g iven  
2 , 2 / 1  

S ince  we need g and D 

by (5 .21 )  and ( 5 . 2 2 ) .  

2/1 

This  i s  observed i n  ( 5 . 5 2 ) .  

( 5 . 5 6 )  
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- -  - o < -  a E l c ,  > 
ax 

1 B  

because of (5 .56 ) .  Thus (5 .30)  can be w r i t t e n  as 

0 
e afl 

<ElaEIBo> 5 
-W 

m 

(5 .57)  

(5 .58)  

afl because of s p a t i a l  homogeneity. where w e  have dropped terms involv ing  

P u t t i n g  ( 5 . 5 0 )  and (5 .53 )  i n  (5 .58)  
1 r 

4 
k 2n e 

1 k4 

- -  afl - - * { - * j d % - F '  a 
a v  

which i s  t h e  Fokker-Planck equat ion .  
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19 
5 .3  The K i n e t i c  Equat ion 

3 1  3 $0 
We now i n v e s t i g a t e  t h e  l i m i t  by l e t t i n g  n r -f - so t h a t  n 0 0  r (-1 2 

0 mv 0 0  E 

= 0(1). ( 5 . 3 5 )  now g i v e s  

1 : l : l : E : l  ( 5 . 6 0 )  

We w i l l  t h e r e f o r e  keep terms up t o  f irst  o r d e r .  

expansion, T ,  and Q a re  assumed t o  be of h i g h e r  o r d e r  t h a n  P ,  which 

i s  of f i rs t  o r d e r .  

f i n d  t h e  v a r i o u s  averages  i n  ( 5 . 3 0 ) .  

I n  t h e  c l u s t e r  

A s  b e f o r e ,  w e  assume s p a t i a l  homogeneity. We must 

+ 

According t o  (5 .331 ,  w e  need g t o  f i rs t  o r d e r  f o r  < E la /? 1 ( 0 )  = 
1/1 

a n1 > .  

o n l y  t h e  z e r o t h  o r d e r  of D 

of  f irst  o r d e r .  

According t o  ( 5 . 3 4 )  and ( 5 . 6 0 ) ,  w e  need g t o  f irst  o r d e r  b u t  
2 / 1  

i s  a l r e a d y  
2,2/1 s i n c e  t h e  term due t o  D 2 , 2 / 1  

Consider t h e  t e r m  involv ing  g i n  ( 5 . 3 4 ) .  We have 2 / 1  

P u t t i n g  (5 .62 )  i n  ( 5 . 6 1 1 ,  
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(5.63) 

Here we have made use of the fact that integrals of the type 

(5.64) 

and may be omitted because of spatial homogeneity. 

to zeroth 
2,2/1 

Equation (5.63)together with the fact that we need D 

order reveals that 

/c(O) = Tl > = < E E > 
< ElaEIBu 1 la 1Bu (5.65) 

Thus it will be sufficient to 1/1- and this average is a functional of g 

determine g to first order. A l s o ,  because of spatial homogeneity, 
1/1 

terms involving products of the average of E 

be omitted to the order concerned. 

(conditional or not), may 1 

Hence Equation(5.30)may be rewritten 

as 



7 0  

( 5 . 6 6 )  

where 

accord ing  t o  ( 5 . 3 3 )  and 

( 5 . 6 8 )  

accord ing  t o  ( 5 . 3 4 ) ,  ( 5 . 6 3 )  and ( 5 . 6 5 ) .  Here w e  have s u b s t i t u t e d  

t o  ze ro th  o r d e r .  

T o  f ind  g t o  f i r s t  o r d e r ,  l e t  u s  rewrite Equation(5.321, o m i t t i n g  
1/1 

produc t s  o f  averages  because o f  s p a t i a l  homogeneity. 

t v  - a t -  la ax. 



0 e2 a a f 

3- e2 a 

da 

do( -0) 

2 

= 5 ,  

Now 

- 
= 5 2  ’ %/l 

(5.69) 

(5.70) 

s i n c e  t h e  t e r m  i s  
2 / 1 , 2  where w e  have s u b s t i t u t e d  t h e  zero th  o r d e r  o f  D 

of f i rs t  o r d e r  a l r e a d y .  

Again w e  u s e  t h e  c l u s t e r  expansion t o  f i n d  gl/2. Using (5.161, 

( 5 . 1 7 )  and (5.64), w e  f i n d  
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0 n I 

0 
= n  

0 t n  

so t h a t  (5 .70 )  becomes 

-% -? ( t  -t 1) 1 2 2 1 2  

Next, w e  want t o  show 

For  

(5 .71 )  

( 5 . 7 2 )  

(5 .73 )  

j , k > 2  
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(5.74) 

The las t  term i s  of second o r d e r .  The t h i r d  and f o u r t h  terms are  

p r o p o r t i o n a l  t o  N and a r e  of  f i r s t  o r d e r ,  so t h a t  i n  e v a l u a t i o n ,  we need 

on ly  d e n s i t y  f u n c t i o n s  t o  z e r o t h  o r d e r .  To t h i s  o r d e r  t h e  average on 

.A 
x k ( t l t u )  or on <. ( t  ) (j ,k 2) has no c o n t r i b u t i o n  because of ( 5 . 6 4 ) .  

3 1  
I n  t h e  second te rm,  t h e  d e n s i t y  f u n c t i o n  needed i s  of  z e r o t h  o r d e r  and 

i n  f a c t  t h i s  t e r m  i s  t h e  same as t h e  f i rs t  t e r m  of  ( 5 . 6 4 ) .  For t h e  

f i rs t  te rm,  we have 

( 5 . 7 5 )  
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by us ing  t h e  c l u s t e r  expansion and t h e  s p a t i a l  homogeneous p rope r ty  

( i . e .  ( 5 . 6 4 ) ) .  E s s e n t i a l l y  t h e  reasoning  i s  as fo l lows :  

Because of  (5.641, we may res t r ic t  D t o  i t s  first o r d e r  component, 
4 1 ’ 2,3 34 

and D t o  i t s  z e r o t h  o r d e r  component which 
D i D j D k ,  R ’  1 3 2  

which i s  c 
i<i  .k<R - *  

i s  D1D2. Again because of (5 .64 ) ,  t h e  only  s u r v i v i n g  term i s  when 

k = 3 ,  R =  4. 

Thus (5 .73 )  i s  v a l i d .  S ince  (5 .72)  and (5 .74 )  are a l l  of  first 

o r d e r ,  we need g 

which is  f l .  

t o  z e r o t h  o r d e r  on t h e  r i g h t  hand s i d e  of  (5 .691,  
1/1 

S u b s t i t u t i n g  i n t o  (5.691,  
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0 a r 

e2 a +--- 

m avla  ax,, -m 

Finally, using (5.66) 

(5.76) 

(5.77) 

Since we are interested in the functionals of g 

y > a n d < E  E 

contribution because of spatial homogeneity. 

such as < E /t ( 0 )  = a fl1/l la 1 

> we may omit the term -- in (5.77) which has no 

(This amounts to writing 

a t  la 1Ba 

= f t 6g and consider only 6g). Furthermore, we ''freeze!' f as g1/1 1 1 

before, in finding these functionals, so that 

(5.78) 



7 6  

By symmetry, 

so t h a t  

Equat ion ( 5 . 8 0 )  may be so lved  by u s i n g  

L e t  
m 

d t 2  

and d e f i n e  t h e  o p e r a t o r  

-Pt 2 
e dt2 

t 

Laplace and 

( 5 . 7 9 )  

( 5 . 8 0 )  

20 
Four ie r  t r a n s f o r m s .  

( 5 . 8 1 )  

( 5 . 8 2 )  
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n 

where (5 .83 )  

i s  t h e  t ransform of  $ ( X I ,  and 

where 

(5 .86 )  

A A J  .- l a  
ax is t h e  t ransform of  ;F 

2 

Here we have ignored t h e  i n i t i a l  cond i t ion .  We f i n d  t h a t  

(5 .87 )  

Taking t2 = tl +. m, we may eva lua te  t h e  r e s i d u e  t o  o b t a i n  
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From (5.67) 

(5.88) 

(5.89) 

A A  d &  k*v k*v2 1 A 1 r: .-2 
E-(-) 1 f(v ) 6(-- - -1 as before. k 2 k k where 

We now turn to the correlation term. According to (5.68) we need 

words, we need a two-time two-body distribution. Multiplying (5.79) by 

fl(?l,tl) , 
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t v  
ax2a 2a a t 2  

A A  A a @ ( x  -X -V ( t  -t 1) 
l a  l - f ( ? ) f ( ? )  

1 2 1 1  
+---- 

m av ax 
2a la 

(5 .90 )  

Here we have omi t ted  t h e  fl(?2,t2)-f1(517tl)  A component of V 2 A  D(S2, t2 ;  
A 6 t ) j u s t  as  i n  ( 5 . 7 9 )  s i n c e  it has no c o n t r i b u t i o n  t o  t h e  c o r r e l a t i o n .  1’ 1 

Equation ( 5 . 9 0 )  i s  t o  be so lved  s u b j e c t  t o  t h e  i n i t i a l  c o n d i t i o n  
A 

v ~ D ( ~  t s t  t a t  t2 = tl. 
2 7  1 7  1’ 1 

2 A  To f i n d  V D ( 5  t t we add t o  ( 5 . 9 0 )  i t s  symmetrical coun te r  
2 ’  1’ 1’ 1 

p a r t  by in t e rchang ing  t h e  s u b s c r i p t s  1 and 2 ,  s e t t i n g  t 

r e s u l t  is  

= tl. The 2 

a&l-?2) a a 4 (*2 -g1 
axla  av2a 2a 

t- ax 1 fl(~l)f,c=,) 
l a  + - [- m av la 

(5 .91 )  
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A 2 A  
For tl s u f f i c i e n t l y  l a r g e  so  t h a t  V D(S2,tl ;  6 1 1  ,t ) r e l a x e s  t o  i t s  

asymptot ic  form, ( 5 . 9 1 )  may be solved o m i t t i n g  t h e  i n i t i a l  c o n d i t i o n .  

This  is t h e n  used i n  ( 5 . 9 0 )  t o  s o l v e  f o r  D ( C 2 , t l  + r;[ 1' t 1 ) which now 

depends o n l y  on T. > can 

be eva lua ted .  

+ a 

S u b s t i t u t i n g  t h i s  i n t o  ( 5 . 6 8 ) ,  e2 < E E l a  160 

The r e s u l t  i s  This  has  been done by Rostoker .  21 

< E  E > 
la 1Ba 

( 5 . 9 2 )  

I n t e g r a t i n g  over  u ,  

0 

( 5 . 9 3 )  

.* 
Since < E E > does n o t  depend on xl ,  Equat ion ( 5 . 5 7 )  is v a l i d .  la 1Ba 

Furthermore,  t h e  las t  t e r m  i n  ( 5 . 6 6 )  v a n i s h e s .  P u t t i n g  (5 .89)  and 

(5 .93)  i n  ( 5 . 6 6 ) ,  we o b t a i n  

F'(--) 1 
k k 4 

A a  
2n e 

2 fl 1 dk --- afl - a 0 - - - ----- 
atl av l a  m 2 k4 1 E(k,-i?-?l) 1 
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q J. 
F (----I a a 0 kak B k 

2n e 

-5. A d  2 f l  d z  - +--- 
av l a  av 1 B  m 2 ’  k 5  / E ( k , - i k - v ,  > I  

+-. 

A A  
k - v  

L e t t i n g  u = - , ( 5 . 9 4 )  can be r e w r i t t e n  as 1 k  

(5 .94 )  

( 5 . 9 5 )  

19  
Equat ion  ( 5 . 9 5 )  is  t h e  k i n e t i c  equa t ion .  

5 .4  Di scuss ion  

We have seen  i n  t h e  p rev ious  s e c t i o n s ,  decoupl ing  t h e  set  of t h e  

g e n e r a l i z e d  s t o c h a s t i c  equa t ions  by u s i n g  t h e  c l u s t e r  expansion and 

f r e e z i n g  t h e  lowes t  d i s t r i b u t , i o n ,  r e s u l t  i n  t h e  Fokker-Planck o r  k i n e t i c  

e q u a t i o n .  

p a r t i c l e  i s  of small o r d e r .  

s imp ly  f a l s e  when p a r t i c l e s  a r e  c l o s e .  There i s ,  however, a n o t h e r  

We have assumed t h a t  t h e  e l e c t r i c  f i e l d  exper ienced  by a 

This  of cour se  cannot  be proved, and i s  
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problem. 

f o r c e s  due t o  a l a r g e  number of o t h e r  p a r t i c l e s ,  and we have on ly  assumed 

each i n d i v i d u a l  f o r c e  is small. I n  o t h e r  words t h e  e l e c t r i c  f i e l d  

seen  by t h e  j t h  e l e c t r o n  i s  g iven  by 

Ac tua l ly ,  t h e  f o r c e  exper ienced  by a p a r t i c l e  c o n s i s t s  of 

where 

We wish t o  i n d i c a t e  it i s  r easonab le  t o  t a k e  

A 
With t h e  Fokker-Planck case, where n r3 = 0(1), E = O (  E )  s i n c e  t h e  

0 0  j 
summation a c t u a l l y  on ly  ex tends  t o  N R, n r3 

however, n r O ( F ) .  Let u s  w r i t e  

With t h e  k i n e t i c  c a s e ,  0 0' 
3 1 

0 0  

-5 1 A 
= 0(1), - = O ( E ) .  To z e r o t h  o r d e r  t h e  F ' s  are i d e n t i c a l l y  where ' i j  N i j  

d i s t r i b u t e d  and independent ,  s i n c e  t h e  t r a j e c t o r i e s  o f  t h e  p a r t i c l e s  
A 

are independent and have i d e n t i c a l  d i s t r i b u t i o n .  Thus 5 -+ < F > = 0, j i j  
A 

as N + m, which i n d i c a t e s  E is small. 
j 

When t h e  c l u s t e r  expansion was i n t r o d u c e d ,  w e  r e q u i r e d  T ,  Q of 

h ighe r  o rde r  t h a n  P .  Ac tua l ly  t h i s  i s  n o t  necessa ry  f o r  t h e  c a s e  
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3 
0 0  

n r  = O (  ) .  Also i n  t h i s  c a s e ,  t h e  o m i s s - m  of t h e  i n i t i a l  c o r r e l a t i o n  

i s  r easonab le  i n  most c a s e s .  I n  fac t  t h e  c o n t r i b u t i o n  of t h e  i n i t i a l  

c o r r e l a t i o n  as  g iven  by ( 5 . 4 7 )  can be w r i t t e n  as A &  (2 -v2 t2 ,v2 ,0 /  541 2 
A A  -L x -v t l,vl,O) with t2 tl + m. This  w i l l  be small i f  t h e  d i f f e r e n c e  

between t h e  s p a t i a l  arguments is l a r g e ,  which i s  t h e  case with t h e  

except ion  v = v This  i s  expressed by Sandr i  as ‘‘ the p r i n c i p l e  of  

absence o f  p a r a l l e l  motion. 

. L A  

2 1’ 
,.18 

F o r  t h e  k i n e t i c  case, t h e  major problem i s  i n  t h e  eva lua t ion  of  

t h e  c o r r e l a t i o n  o f  t h e  e lec t r ic  f i e l d  s i n c e  t h i s  involved t h e  asymptot ic  

d i s t r i b u t i o n  of two p a r t i c l e s .  The fo l lowing ,  however, is observed.  

If t h e  equ i l ib r ium d i s t r i b u t i o n  is used,  t h e  c o r r e l a t i o n  i s  found t o  be 

fo rma l ly  t h e  same as g iven  by (5 .921 ,  

< E  E > 
la 1Ba 

where 

and f i s  t h e  Maxwellian d i s t r i b u t i o n .  If t h e  d i s t r i b u t i o n  f u n c t i o n  

fl d i f f e r s  from f m  on ly  i n  f i r s t  o r d e r ,  then  ( 5 . 9 2 )  may be expected 

s i n c e  only  t h e  z e r o t h  o rde r  of  F i s  needed. 

m 

Another way t o  o b t a i n  t h e  f l u c t u a t i o n  of t h e  e l e c t r i c  f i e l d  is t o  

make use  of t h e  concept  of t h e  d i e l e c t r i c  cons t an t  c ($ , iu )22  o r  t h e  
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9 concept  of d r e s s e d  p a r t i c l e s .  While t h e s e  techniques  y i e l d  almost  

immediate r e s u l t ,  a mathematical  j u s t i f i c a t i o n ,  however, i n v o l v e s  

c o n s i d e r a b l e  d i f f i c u l t y .  23 

A A 
The term < E1,/E1(0) = nl > g i v e s  t h e  p o l a r i z a t i o n  e f f e c t , 2  a l s o  

re fer red  t o  as  t h e  f i e l d  due t o  q u a s i - p a r t i c l e s  by Rostoker. '  Note 

t h a t  i n  t h e  k i n e t i c  

compared t o  t h a t  i n  

t h e  o n l y  d i f f e r e n c e  

This  f o r c e  has  been 

1 

1 E(k, - ik .v)  1 
case, t h i s  has  a n  e x t r a  f a c t o r  .--i 

A,* 2 

t h e  Fokker-Planck case and i n  fac t  t h i s  f a c t o r  is  

between t h e  k i n e t i c  and t h e  Fokker-Planck e q u a t i o n .  

ob ta ined  by Gasiorowicz,  e t  a1.2 and Rostoker  9 
by 

u s i n g  t h e  l i n e a r i z e d  Vlasov e q u a t i o n .  The use  of t h e  Vlasov e q u a t i o n  is 

e s s e n t i a l l y  j u s t i f i e d ,  accord ing  t o  ( 5 . 8 0 ) .  However, i n  R o s t o k e r ' s  

c a l c u l a t i o n ,  t h e  Vlasov equat ion  i s  so lved  wi th  e i t h e r  a n  e x t e r n a l  

d r i v i n g  f o r c e  or a p a r t i c u l a r  i n i t i a l  d i s t r i b u t i o n ,  s o  t h a t  t h e r e  

seems t o  be some a r b i t r a r i n e s s .  When a n  e x t e r n a l  f o r c e  i s  assumed, it 

is  t a k e n  t o  be t h a t  due t o  a n  e l e c t r o n  moving i n  i t s  r e c t i 2 n e a r  o r b i t .  
- i r . v ,  t 

I The r e s u l t i n g  p o l a r i z a t i o n  f o r c e  has  a n  e x t r a  f a c t o r  e , which i s  

no t  expla ined .  Such a f a c t o r  does n o t  appear  i n  o u r  c a l c u l a t i o n  and i s  

A A & A 5  
(?l-vlt,v 1. If t h e  c o n d i t i o n  had been <,(O) = 5 1 = (T1,vl), t h e  1. 

- i k . v  t f a c t o r  e 1 w i l l  a p p e a r .  Another p o i n t  t o  be noted  i s  t h a t  whi le  

w e  o b t a i n  t h e  p o l a r i z a t i o n  e f f e c t ,  no t e s t  p a r t i c l e  i s  in t roduced  

a r t i f i c i a l l y  . 
The Fokker-Planck and t h e  k i n e t i c  e q u a t i o n s  ( 5 . 5 9 )  and ( 5 . 9 5 )  have 

been d iscussed  i n  t h e  l i t e r a t u r e .  17y19 

do no t  o b t a i n  t h e s e  e q u a t i o n s  from t h e  BBGKY h i s r a r c h y , a l t h o u g h  t h e  

I t  i s  t o  be emphasized t h a t  w e  

mathematics t u r n  o u t  t o  be s i m i l a r .  Thj.s s i m i l a r i t y  has  deeper  s i g n i f i -  
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cance than it appears, as we will show in the next chapter, and justifies 

to some extent the hybrid use of the conventional Fokker-Planck 

equation and the BBGKY theory. 

of course, are applicable to very general situations. 

The generalized stochastic equations, 
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V I .  FINAL REMARKS AND CONCLUSION 

I n  t h e  p rev ious  c h a p t e r s  we have shown how a se t  of g e n e r a l i z e d  

s t o c h a s t i c  ( o r  g e n e r a l i z e d  Fokker-Planck) equa t ions  can be used t o  

d e s c r i b e  t h e  e v o l u t i o n  of a system. 

p o t e n t i a l  problem, a s t r o n g  s i m i l a r i t y  between t h e  set  of g e n e r a l i z e d  

s t o c h a s t i c  equa t ions  and t h e  BBGKY h i e r a r c h y  i s  observed .  

BBGKY h i e ra rchy  may be regarded  as a s p e c i a l  mode of g e n e r a l i z e d  

s t o c h a s t i c  equa t ions .  

Equation(2.31). 

When a p p l i e d  t o  t h e  Coulomb 

I n  f ac t ,  t h e  

To s e e  t h i s  l e t  u s  t a k e  t h e  l i m i t  t -+ 0 i n  

A l l  terms invo lv ing  i n t e g r a t i o n  van i sh ,  l e a v i n g  

a w  
a t  - t = O  

Since  we have chosen 0 a r b i t r a r i l y  as  t h e  i n i t i a l  t i m e ,  i n  g e n e r a l ,  w e  

have 

This  equat ion  i s  exac t  and a set  o f  g e n e r a l i z e d  s t o c h a s t i c  e q u a t i o n s  

ob ta ined  i n  t h i s  manner i s  e q u i v a l e n t  t o  t h e  BBGKY h i e r a r c h y . "  Thus, 

i n  t h i s  s ense ,  t h e  BBGKY h i e r a r c h y  may be  r ega rded  as a s p e c i a l  mode 

of  gene ra l i zed  s t o c h a s t i c  e q u a t i o n s .  Note t h a t  wh i l e  it is no t  p o s s i b l e  

t o  ignore  t h e  c o n d i t i o n  X ( t )  = x i n  < F ( x , t ) / X ( t )  = x > for a l l  t ,  

s i n c e  X ( t )  depends on F ,  it is p o s s i b l e  t o  i g n o r e  t h e  c o n d i t i o n  X ( 0 )  

f: 
See appendix 
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x i n  < F(x , t ) /X(O)  = x > provided t h e r e  i s  no c o r r e l a t i o n  between 

F ( x , t )  and X ( 0 ) .  

Usual ly  t h e  Fokker-Planck equat ion  i s  de r ived  by us ing  a Markov 

2,24 model or us ing  t h e  Lagrange expansion. The c o e f f i c i e n t s  are  

averages  of  t h e  f o r c e  and no e x p l i c i t  c o n d i t i o n  i s  imposed. We have 

seen  i n  Chapter V t h a t  while  w e  can drop t h e  c o n d i t i o n  on t h e  c o r r e l a t i o n  

of t h e  e l e c t r i c  f i e l d ,  t h e  e x a c t  cond i t ion  i s  important  i n  c a l c u l a t i n g  

t h e  p o l a r i z a t i o n  e f f e c t .  I n  fact  f o r  a s p a t i a l l y  homogeneous plasma, 

t h e  uncond i t iona l  average of  t h e  e l e c t r i c  f i e l d  w i l l  be ze ro .  

Our r e s u l t s  may be summarized as f o l l o w s .  We modify S t r a t o n o v i c h ' s  

r e s u l t s  t o  o b t a i n  a s e t  o f  gene ra l i zed  s t o c h a s t i c  equa t ions  which 

d e s c r i b e  t h e  h ighe r  d i s t r i b u t i o n s  as w e l l  a s  t h e  lowest  forming a cha in  

s imi la r  t o  t h e  BBGKY h i e r a r c h y .  

equa t ion  by decoupl ing t h i s  cha in  with t h e  c l u s t e r  expansion.  

of g e n e r a l i z e d  s t o c h a s t i c  equa t ions  h a s  t h e  fo l lowing  c h a r a c t e r i s t i c s  

which d i s t i n g u i s h e s  them from t h e  convent iona l  Fokker-Planck equa t ion .  

F i r s t l y ,  t h e  c o e f f i c i e n t s  involve  c o n d i t i o n a l  averages  of  t h e  f o r c e  

t a k i n g  i n t o  account  t h e  c o r r e l a t i o n  of  t h e  f o r c e  and i n i t i a l  p o s i t i o n .  

Moreover, t h e  equa t ions  se rve  t o  d e s c r i b e  h igher  d i s t r i b u t i o n s  as  we l l  

as t h e  lowest  d i s t r i b u t i o n ,  making it p o s s i b l e  t o  determine t h e  

c o e f f i c i e n t s  wi thout  i n t roduc ing  c e r t a i n  models o r  appea l ing  t o  o t h e r  

t h e o r i e s .  There i s  a s i m i l a r i t y  between t h e  g e n e r a l i z e d  s t o c h a s t i c  

e q u a t i o n s  and t h e  BBGKY h i e r a r c h y .  I n  fact  t h e  BBGKY h i e r a r c h y  may 

be regarded  as a s p e c i a l  mode of  the  g e n e r a l i z e d  s t o c h a s t i c  equa t ions .  

Gasiorowicz,  e t  .a1 . * obta ined  e s s e n t i a l l y  

It  i s  p o s s i b l e  t o  o b t a i n  t h e  k i n e t i c  

This  se t  

For  a plasma Stur rock  

t h e  same Fokker-Planck equa t ion .  To determine t h e  c o e f f i c i e n t s ,  

Gasiorowicz,  e t . a l .  use t h e  Vlasov equa t ion  and a Holtsmark d i s t r i b u t i o n .  
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This  may be i n c o n s i s t e n t  a l though  w e  f i n d  t h e  use o f  Vlasov equa t ion  i s  

e s s e n t i a l l y  j u s t i f i e d .  

t es t  p a r t i c l e  i s  unnecessary .  

k i n e t i c  equa t ion  on t h e  b a s i s  o f  t h e  BEGKY t h e o r y  may be manipulated 

i n t o  t h e  form o f  a Fokker-Planck equa t ion  as done by Rostoker’ and 

Tchen.” 

equa t ions  as b a s i c  from which t h e  c o e f f i c i e n t s  i n  t h e  equa t ion  for t h e  

lowes t  d i s t r i b u t i o n  a r e  determined r e s u l t i n g  i n  t h e  k i n e t i c  e q u a t i o n .  

I n  t h i s  c a s e  e i t h e r  approach invo lves  s imilar  mathematics.  However, 

t h e  g e n e r a l i z e d  s t o c h a s t i c  e q u a t i o n s  are  a p p l i c a b l e  for g e n e r a l  

s i t u a t i o n s .  We have cons ide red  s e v e r a l  s i t u a t i o n s  where t h e  random 

f o r c e  i s  assumed t o  be s p e c i f i e d ,  wi th  some r e s u l t s  comparable t o  t h o s e  

of  Sturrock‘ and P u r i .  

Also w e  f i n d  t h a t  an a r t i f i c i a l l y  in t roduced  

In  an  e n t i r e l y  o p p o s i t e  d i r e c t i o n ,  a 

Our approach i s  t o  r ega rd  t h e  set  o f  g e n e r a l i z e d  s t o c h a s t i c  

7 

We conclude t h a t  t h e  g e n e r a l i z e d  s t o c h a s t i c  e q u a t i o n s  g i v e  a 

g e n e r a l  formula t ion  a p p l i c a b l e  t o  s e l f - c o n s i s t e n t  systems as  w e l l  as  t o  

systems with s p e c i f i e d  random f o r c e s .  
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APPENDIX 

We g ive  a h e u r i s t i c  argument t o  o b t a i n  t h e  equat ion  

The n o t a t i o n s  of Chapter I11 will be adopted.  

Consider t h e  system, 

= F ( x , t )  (A.2) 

L e t  w ( x , t )  be t h e  p r o b a b i l i t y  d e n s i t y  of X ( t > .  

F ( x , t )  i s  a given f u n c t i o n .  We have 

F i r s t l y ,  we assume 

where J i s  de f ined  by ( 3 . 2 ) .  

t ,  w e  o b t a i n  

D i f f e r e n t i a t i n g  (A.3) with r e s p e c t  t o  

d 
- d t  w($ , t ) J  = 0 

or 

4 Now 
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a l o n g  t h e  s o l u t i o n .  

x ,  w e  have 

P u t t i n g  i n  (A.41, c a n c e l l i n g  J ,  and r e p l a c i n g  IJJ by 

If t h e  f o r c e  F is  random, w e  can w r i t e  Equat ion(A.6) for  each 

sample F; h e r e  w ( x , t )  should be r e p l a c e d  by w ( x , t / F ) ,  t h e  c o n d i t i o n a l  

d e n s i t y  of X ( t )  g iven  F.  Thus, 

Averaging over  t h e  f u n c t i o n  space  of F ,  

where P(F) i s  t h e  d i s t r i b u t i o n  of t h e  f o r c e  F .  Formally we t a k e  

acco rd ing  t o  t h e  u s u a l  r u l e s  on c o n d i t i o n a l  p r o b a b i l i t y .  

P (F /X( t )  x )  is t h e  d i s t r i b u t i o n  of F g iven  X ( t )  = x .  

y i e l d s  

Here 

(A.8) t h e n  
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o r  

which i s  ( A . 1 )  

L e t  u s  apply  t h e  r e s u l t  t o  (5.1) with  j 1. ( A . 6 )  g i v e s  

a 1 

( A . l O )  

Now 

P u t t i n g  i n  (A.101, 



92 

which i s  t h e  first equa t ion  i n  t h e  BBGKY h i e r a r c h y .  

i nc lud ing  t h e  L i o u v i l l e  equa t ion  can be ob ta ined  i n  a similar manner. 

The e n t i r e  h i e r a r c h y  
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The Fokker-Planck equat ion  hs o f t e n  been used t o  d e s c r i b e  t h e  d i s t r i b u t i o n  of  a p a r t i c  
i n  a random f i e l d .  
k i n e t i c .  equa t ion ,  c e r t a i n  d i f f i c u l t i e s  arise. 
must be determined c o n s i s t e n t l y  and t h e  c o e f f i c i e n t s  cannot be found e x p l i c i t l y  withou 
f u r t h e r  assumptions which may n o t  be  c o n s i s t e n t .  P rev ious ly  va r ious  a t t empt s  have bee 
made t o  f i n d  t h e  c o e f f i c i e n t s  i nc lud ing  the  use  of  t h e  c o l l i s i o n  concept by means of 
t h e  Boltzmann equat ion  and t h e  BBGKY theory.  
manipula t ion  of a k i n e t i c  equat ion  i n t o  the  form o f  a Fokker-Planck equa t ion .  
t h e  c o e f f i c i e n t s  are g iven  as averages o f  f u n c t i o n a l s  o f  t h e  random f i e l d .  
i n t e r p r e t a t i o n  of t h e s e  averages ,  however, g ives  i n c o r r e c t  r e s u l t .  

When such a technique  is  a p p l i e d  t o  a plasma i n  o r d e r  t o  o b t a i n  a 
I n  t h e  f i rs t  p l a c e ,  t h e  e lec t r ic  f i e l d  

I n  c e r t a i n  c a s e s ,  t h i s  amounts t o  a 
Moreove 

A na ive  

I n  view of t h e s e  d i f f i c u l t i e s ,  a new formulat ion of  t h e  Fokker-Planck method is 
e s t a b l i s h e d .  
o f  f u n c t i o n a l s  of t h e  random f i e l d .  
be used t o  d e s c r i b e  t h e  lowest d i s t r i b u t i o n ,  similar equa t ions  can a l s o  be used t o  
d e s c r i b e  h i g h e r  d i s t r i b u t i o n s .  
( or g e n e r a l i z e d  Fokker-Planck) equat ions  fo l lowing  St ra tonovich .  
a p p l i c a b l e  t o  systems pe r tu rbed  by small random f o r c e s  provided s u f f i c i e n t  knowledge 
r ega rd ing  t h e  unperturbed system is  a v a i l a b l e .  When t h e  random f o r c e s  are s p e c i f i e d  
s t a t i s t i c a l l y ,  t h e  gene ra l i zed  s t o c h a s t i c  equa t ions  g ive  immediate r e s u l t s .  I n  t h i s  
r e s p e c t ,  of p a r t i c u l a r  i n t e r e s t  i n  plasma a p p l i c a t i o n ,  is t h e  hea t ing  o f  e l e c t r o n s  

I t  i s  observed t h a t  t h e  c o e f f i c i e n t s  a c t u a l l y  involve c o n d i t i o n a l  averag 
Furthermore, j u s t  as a Fokker-Planck equat ion  can 

Such a s e t  o f  equa t ions  i s  c a l l e d  gene ra l i zed  s t o c h a s t  
These equa t ions  a r e  
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S t o c h a s t i c  equat ion 

K i n e t i c  theory  

Plasma hea t ing  
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